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BBeneHnue

Yro Takoe cOBpeMeHHas MaTeMaTuKa? JTO CTPOMHEBIE TEOPUU, COCTO-
AlIKe U3 [eIIOYKY Olpe/ie/IeHU, HECJIOXKHBIX YTBEPXKAEeHUN 1 9PpPEKTHBIX
mpuMepoB? Vmu 3To IyboKre U TEXHUIECKU CJIOXKHBIE TEOPEMBI, Ha pas-
60p TOMBHKO CXeM J0Ka3aTEeNbCTB KOTOPHIX MOXKET TIOHAZ06GUTHCS HECKOIb-
KO JacoB wim gHeu? [Toxkanyii, 3TO U TO M Zpyroe, U TPYAHO OTHICKATH
30JI0TYIO CepeVHY, JIeXKAIIYI0 MeXAY ABYMs OIMMCAHHBIMU KPAHOCTIMU.
B 5TOM 0co6MYM MBI IPOJOIKAEM ITOUCK HEJOCTIKIMOM cepeIUHBbL. 371eCh
U3jIararTca Kak ¢parMeHThl KJIacCMYeCKUX TeOpUH, TaK M JoKa3aTeslb-
CTBa [BYX TPYZAHBIX Pe3y/IbTATOB: TeopeMbl Makoses O IMocjieoBaTeIbHO-
CTAX pa3MepHOCTEH KOMIIOHEHT CTAHJAPTHBHIX I'DALYHPOBAHHEIX airedp
u TeopeMbl Haratei—CreiiHOepra o ToM, 4To anrebpa MHBApUAHTOB HEKO-
TOPOU JIMHEWHOU TPYMITHI He ABJISETCS KOHEYHO MOpOXAeHHOH. [Tocea-
HUI pe3yabTaT obecreynBaeT KOHTPIIpUMED K 14-i1 mpobieme [wibbepra.
B HacTosiee BpeMs cTajJl0 BO3MOXXHBIM ITPOBECTH J0KAa3aTeNbCTBA ITUX
TeOopeM, OIHUPAsCh TOMbKO Ha GaKThl U3 Kypca JUHEHHON anre6pel. ITOT
moaxoz v OyzeT peas30BaH HIDKE.

OcraHoBUMCA MOApPOOHee Ha coZep)kaHWM Hocobusa. B mepBeIx ma-
parpadax manararmTcs CcTaHZApTHEE (GAKTEL O KOMMYTAaTUBHBIX T'Dafy-
HMPOBAHHBIX ajirebpax, ompeAensioTcs psgabl [IlyaHkape ¥ MHOTOWIEHBI
T'wibbepra, AOKa3bIBA€TCA TeOpeMa O MpeACTaBUMOCTH psga IlyaHka-
pe KOHEYHO TOpPOXKJEHHOW TIpaJyMpOBAaHHOW aare6Gphl palioOHAIbHOHN
byHKIIMEN. 3aTeM MBI [IepeXOAUM K U3YyYEHUIO IOC/IeZoBaTelbHOCTEN
pasMepHOCTel KOMIIOHeHT dim A; TpaZlyupoBaHHOM anre6pbl A= P A;.
Kakme 4ucIOBBIE MTOC/IEOBATENHHOCTU TAaK PEeANU3YIOTCA? DTOT BOIPOC
Haubojiee MHTepeCEeH s KOHEYHO MOPOXKAEHHBIX aarebp, KOTOphIE IO-
POXKAAIOTCS 3MEMEHTAMU MEPBOM cTenmeHU. Takue anreGphbl ABIAIOTCI
dbaktopanrebpamu K[x, ..., x,]/I ajre6psl MHOTOWIEHOB CO CTaHAAPT-
HOU rpagyupoBKOM. HecsiokHO MTOKa3aTh, 9TO uzean I MOXXHO 3aMEHUTh
Ha ujeas, MOPOXAEeHHBI OJHOWIEHAMMU, TaK, YTO IOC/IeZ0BaTEJIbHOCTh
pa3MepHOCTe KOMIIOHEHT He M3MeHUTcA. TpyaHaa yacTh TeopeMbl Ma-
KoJies1 — 3T0 060CHOBaHME MepPeXo/ia OT IIPOU3BOIEHOTO MOHOMUATBHOTO
neana K JIEKCCErMEHTHOMY WJeainy, T.e. UAeaiy, ABJAIOMeMYyCs JIUHeH-
HOH 000JIOYKOH KOHEUYHBIX OTPE3KOB IOCIEN0BATENbHOCTEN OHOWIEHOB
GUKCUPOBAHHBIX CTelleHell B JieKCUKorpadudeckoM mnopsake. B §5 Mol
ZIOKa3bIBaeM 3TOT pe3ysbraT, ciefysa pabote [10]. Temepr mpoBepka pea-
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JIN3yeMOCTH JaHHOM YMCIOBOM IIOC/IeZ0BaTeIbHOCTH CBOJUTCA K IIPOBep-
Ke TOro, 4TO JIMHEeNHasa 000J04YKa HEKOTOPOTro Habopa OJHOWIEHOB eCTh
nugean. Takolt kpurepuil aBisgeTca 3GpPeKTUBHO MPOBEPSIEMBIM, OZHAKO
€ro MOXXHO YJTy4IIUTb.

B pa6orte I1. MakMiosieHa [14] B cBsi3u ¢ mpo6eMoii XapaKTepu3aluu
g-BEKTOPOB CHMILIUIIHAIbHBIX MHOTOI'DAHHUKOB BO3HUKJIN YMC/IOBbIE He-
PaBeHCTBA, CBfA3aHHbIE C pa3IOKeHUAMM HaTypalbHBIX YMCel B CyMMBI
OUHOMUANBHBIX K03$OUIMEHTOB. DTO MO3BOMWIO P. CTEHIN BKIIOYUTH
B TEOPEMY ellle OZHO SKBUBAJEHTHOE YCJIOBHE — YHCIOBOE HEPABEHCTBO
Ha CJIeZYIOMUI WieH NoCIe0BaTebHOCTH, OIIpeJesseMoe IIpeAblAYIIIM
wieHOM. B TepmuHax storo yciaosud M.IpuH Nonydwl UHAYKTUBHOE
JlI0Ka3aTeJbCTBO TPYAHOH 4YacTH TeopeMbl Makosesd, B KOTOPOM HCIIOJb-
3yeTcst mepexoz oT anre6prl A K paxTopanrebpe A/(a), rae a — smeMeHT
00111ero MoJIoKeHUs: KOMIIOHEHTHI A, . PeayibraThl 'pyHa IpuBeeHb B § 6.
O mpuioxeHUAX TeopeMbl Makoses B TEOPUM BBHIMYKJIbIX MHOTOI'DAHHU-
KOB Y TOIOJIOTMY MOXKHO MTPOYUTATH B I1. 1 KHUTH [2].

B mocnegnux maparpadax obcyxAaroTcs moAanredpbl MHBApUAHTOB
JIMHEMHBIX IPYIN B arebpe MHOrOWIEHOB. XOPOIIO U3BECTHO, YTO anrebpa
MHBApUAHTOB KOHEYHOH I'PYIIIBl KOHEYHO MOpPOKAeHa. MbI IPUBOAUM TPU
ZloKa3aTeJbCTBa 3ToM Teopembl. OZHO U3 HUX, IpUHaAIexalee 3. Hérep,
MIOKa3bIBaeT, YTO €CJIM OCHOBHOE IIOJIe MMeeT HYJIEBYIO XapaKTepUCTU-
Ky, To airebpa WHBAapUAHTOB IIOPOXKJAETCS MHOTOWIEHAMMU, CTENEHU
KOTOPBIX He IIPEBOCXOAAT IIOpAAKAa TPYHIBL. DTO IO3BOJAAET JJf TPy
HeOOMBITNX TIOPSAKOB SBHO HaXOAWTh OOpasylomue aare6pbl WHBapU-
anToB. I[laparpa¢ 8 mocesameH ¢opmyne Ansa pszga [lyankape aiare6pbi
MHBapUaHTOB KOHEYHOM T'PyIIibl, KOTOpas 6blta HatigeHa ®. O. MonuHbIM
B 1897 r. lanpHelimye cBefeHUA 0 psifax [lyaHkape anre6p MHBapHAaHTOB
JIMHEMHBIX TPYIII MOXKHO HaWTH B pabotax [4, § 3] u [7].

[Iycth G — GeckoHeyHasa moarpymmna rpymnbl GL,(K). BepHo iu, 4To
anre6pa uaBapuanToB K[xy, ..., x,]¢ KoHe4HO mopoxgeHa? DTOT BOIPOC
M3BECTeH Kak 14-1 mpobnema 'mibbepTa. McTopus aToit mpobieMbl BECh-
Ma gpaMatidHa’. Ha BTopoM MexAyHapoZHOM KOHTpecce MaTeMaTHKOB,
npoxozuBiieM B aBrycre 1900 roza B Ilaprke, /. ['mib6epT moCTaBIUI
HECKOJIbKO Tpo0bJieM, pellieHre KOTOPBIX, [0 €er0 MHEHUIO, JOIKHO OBUIO
OTIpeJieIUTh OCHOBHEBIE HAIpaBJIeHUA Pa3BUTHA MaTeMaTHKH XX Beka.
B camom gokinazie I'unbbept mpeanoxui 10 mpobieM, ¥ WHTEpeCYoIas
Hac npob6yieMa TaM He ¢uryprpoaa. OfHAKO B OIyOIUKOBAHHOM TEKCTE
JOKJIazia TpobyieM O6bUTO yiKe 23, v TpobyieMa 0 KOHEYHOM MOPOXKA€HHOCTH

1 HpI/IBeZ[eHHI)Ie 3/1eCh CBE€AEHHNA 3aMCTBOBAaHbl 13 KOMMEHTapUeEB B.JI.[lonoBa B KHUTe

[5]. Tam e gaH 0630p M3BECTHHIX B HACTOAIlee BPeMA Pe3yIbTaTOB, CBA3AHHBIX C 14-1
po6eMo.



6 Beezenue

anre6psl MTHBApUAHTOB UMena HoMep 14. Ha caMoM Jiejte Ipy IOCTaHOBKE
aTo mpobnembl ['MIbbepT cchliaeTcs Ha paboty JI. Maypepa 1899 1., B Ko-
TOPO¥ KOHeYHas MOPOXKIEHHOCTh alire6pbl HHBAPHUAHTOB ObLTa JOKa3aHa
At 6ot moarpymnmsl G € GL, (K), u ctaBUT 6osee 061U BOIIPOC.

o [Tycth K C K(x, ..., X,,) — HEKOTOPOE TIOAIIOJIE TIOJIA PalOHATbHBIX
byuknmii, cogepxkaiiee mone K. BepHo i, yto anrebpa K[xy, ..., x,]NK
ABJIAETCA KOHEYHO MOPOXKAeHHOH? !

OzHako, KaK BCKOpPe BBISACHWIOCH, paboTa Maypepa cozepskasa oumob-
Ky, U C Tex mop 14-1 nmpobsema ['ibbepTa paccMaTpuBaeTCs UMEHHO KaK
mpobyieMa 0 KOHEUHOM MOPOXKAEHHOCTH aire6pbl MHBapUAHTOB. B mep-
BOH mmosioBrHe XX B. OBLIO MOTy4EHO HECKOIBKO IOJIOXKUTENBHBIX Pe3yib-
TaTOB B 3TOM HanpasieHuu. OpgHako B 1958 r. Ha KOHrpecce B DAUHOypre
M. HaraTa — BecbMa HEOXXHJAHHO — IIPUBEJI IPUMep T'PYIIIEL, 11 KOTO-
poii anrebpa MHBApHUAHTOB He JOMyCKaeT KOHEYHOTO YHCIA MOPOXKAAIO-
mmx, cM. [16] u [17]. HegaBHo P. Creiinbepry yzanoch MoAuGUIIMPOBATh
KOHTpIpuMep Harathbl 1 3aMeHUTD B I0Ka3aTeNbCTBE TOHKUE COOOpaxKe-
HUA 13 anrebpandecKoil reOMeTpUHU IUIOCKUX KPUBBIX BIIOJIHE IeMeHTap-
HBIMH aprymeHTamu; cM. [20]. OTu apryMmeHThI MBI TPUBOAUM B § 9. B Ha-
cTosilee BpeMsa 14-10 mpob6eMy ecTeCTBEHHO GpOpMyIHUpOBaTh TaK: OXa-
pakTepu3oBaTh Te moArpymnnsl G € GL, (K), Ay KOTOPHIX anre6pa MHBapH-
aHTOB K[X1, ..., X,]° KOHeYHO MOpoXeHa. B Takoi GopMyIupOBKe Hpo-
6sema elle O4YeHb JajieKa OT OKOHYATENbHOTO pelleHus.

Harr TekcT BKIIOYaeT MHOTO 3aJaHWM A CAMOCTOATENbHOTO pellle-
Husi. OHM pasz/ie/ieHbl Ha YIIPaKHEHUS U 3ala4d. YIIPOKHEHUSI — 3TO WIN
COBCEM IIPOCTHIE YTBEPIKAEHMUS, VI PyTUHHbIE IIPOBEPKU. YUTATEb JIer-
KO CIIPaBUTCSA C HUMU CaMOCTOSITEIbHO. B CBOIO ouepezib, Bee 3aiaun CHab-
JKEHBI pelIeHUsAMH WU TOAPOOHBIMU YKA3aHUSIMU.

[l manmbHeHIero usydeHus ImpeaMeTa XOYeTCs PeKOMEHAO0BaTh pa-
6otel P. Ctertu [18] u [19]. IToMHIO CBOe BIleYaT/IEeHWE OT MPOYTEHUS
oTHX paboT: BOT KaKWM JO/DKEH ObITh MaTeMaThdyeckuil TekcT! YacThb
M3JIOKEHHOT0 HIDKE MaTeprajia 3auMCTBOBaHa OTTyzAa. B Gyayiiem s Ha-
JIeI0Ch Pa3BUTh HaMeueHHbIM P. CTeH/IN 2IeTaHTHBIN TTOAX0 K U3yYeHHIO
KODH-MaKOJIEEBBIX U TOPEHINTEHHOBBIX anrebp, IMOMHBIX IepecevdeHut
Y CHU3WUTHUH, IZie abCTpPaKTHbIE MMOHATHSA KOMMYTATHBHOM aire6pel BBO-
[STCSA U TPaZypPOBAHHBIX aarebp M WUTIOCTPUPYIOTCSI Ha IpUMepax
anre6p MHBAPHAHTOB KOHEYHBIX TPYII, W PACIIMPUTL IIOCOOHE 3a CYeT
BKJIIOYEHUSA STUX TEM.

1 BOHpOC 0 KOHEYHOH TIOPOXAEHHOCTU aﬂreﬁpm VHBApUAaHTOB ABJAETCA YaCTHbIM CIy4a-
€M 3TOT'0 BOIIpOCa: OCTAaTOYHO PACCMOTPETD B KAUYECTBE ITIOATIIOJA K II0AI10JIE€ paJuOHAIBHBIX
q)yHKuﬂﬂ, HWHBapUaHTHBIX OTHOCHUTEJIbBHO ﬂeﬁCTBHﬂ T'pyIIIbL.
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OCHOBO 211 TOCOOUA MOCTYKIIN MaTepUasIbl KypCOB, IPOYUTAHHBIX
Ha IV u VII netHux mxonax «CoBpeMeHHasd MaTeMaTHKa». OTU LIKOJBI
TIPOBOZATCA €XEeroZHO B HI0Je B JloMe OTAbIxa «PaTMUHO» HeZaneko OT
ropoza [lybHa. Taxke u3maraeMble TEMbI OOCYKAaIUCh Ha COBMECTHOM
¢ [.A. TumaméBsIM crelceMuHape «AireGpandecKue TPYyIMIbl U TeOo-
pUS MHBApUAHTOB» HAa MeXaHUKO-MaTeMaTudeckoM ¢akyiabTere MIY mm.
M. B. JlomoHOCOBa U Ha clienkypce B HezaBucriMoM MOCKOBCKOM YHUBEP-
cuterte. §1 6arogapeH CayIIaTeNAM 3TUX KypPCOB U CEMHUHAPOB 3a IleHHbIe
3aMevyaHNA U OpUTMHAaJbHBIE pellleHud pAja 3azad.

Xouy mobrarozapuTh pelieH3eHToB mocobust mpodeccopa d. b. Bunbep-
ra u gonenra T.E.IlaHoBa, a Takke I1. B. Bubukosa, A.10.Ilepeneuko u
H. A.Tley€éHKMHA, TPOYUTABIIUX ITpeIBapPUTEIbHYIO BePCUIO TeKCTa U CZe-
JIABIINX PAJ IeHHBIX 3aMeYaHuN U UCIIPABIEHUN.

JanpHelmue 3aMeyaHUs IPOLITY BEICUIATh HAa 3JI€KTPOHHBIM aZipec aB-
TOopa arjantse@mccme.ru.



§ 1. OcHOBHbBIE MOHATHUSA U IPUMEPHI

HamomHuM, 4To aneebpoil Haza monem K HasbiBaeTcsa K-BEKTOpPHOE
MIPOCTPAHCTBO A ¢ 3aJJaHHOM Ha HeM OMHApHON omepaiueil (YMHOXEHU-
eM) Ax A— A, (a, b) — ab, yaoBieTBopsIOIIEeli CeAyIOMUM TpeOOBaHUIM:

D a(b+c)=ab+ac, (b+c)a=ba+ ca ansa mobrix a, b, c€A;

2) (Aa)b=a(Ab) = A(ab) ana mobeix A€K, a,beA.

Bcroay manee Mel GyzeM JOTIOMHUTENBHO IpeIoaaraThb, 4To

3) B A umeeTcs eduHuUd, T. €. TaKOH ajaeMeHT 1, uro la=al =a ana
JII060T0 A EA;

4) anrebpa A accoyuamusHa, T.e. (ab)c=a(bc) ans mobwix a, b, c€ A.

3aMeTHM, YTO HaJW4YKe eINHULIBI II03BOJIAET CYMTATh oje K KaHOHU-
YeCKU BJIIOXKEHHBIM B anrebpy A mo ¢opmysne A — A1 (IpoBephTe, YTO 3TO
BJIOKEHUE).

VYKaXkeM HECKOJIBKO IIPUMEPOB airebp:

1) anre6pa MHOrOWIeHOB K[X1, ..., X,];

2) anrebpa KBaApaTHBIX MaTpull Mat,,,., (K);

3) anrebpa C[0,1] HempephIBHBIX BellleCTBEHHO3HAYHBIX (GYHKITUH
Ha orpe3ke [0, 1] c TOTOYEYHBIM YMHOXKEHHEM Ha CKaJAp, CIOKEHUEM
U yMHOXXeHUeM GYyHKIUH. B aToM npumepe K =R.

Jna asyx noamnpocTtpadcTs U, V C A onpezennm ux npoussefenue UV
KaK JIMHEHHYI0 000/I0UKY 2JeMeHTOB Buza ab, rae ac U u b €V. Anaio-
TUYHO OTpeZiesisieTcs MPou3BeeHe TI060r0 KOHEYHOT0 Habopa MOAIpo-
CTPaHCTB.

Omnpezgenenue 1. Ipadyuposkoii Ha anre6pe A Ha3BIBAeTCS TAKOE pas-
JIOKEHUE A B TIPIMYIO CyMMY IIOATIPOCTPAHCTB

A= P a,

SEZ,
4YTO
CcA

Ay A, C© Ag 4, 1A IOOBIX $q, S, = 0.

IpadyuposanHas anzebpa — 3To anrebpa ¢ GUKCUPOBAHHOM T'pagyH-
poBKoii. ['pagynpoBKy 6yZeM Ha3bIBaTh MPUBUANLHOUL, ecli Ay = A U, 3Ha-
quT, A, =0 mpu s > 0. TpuBUaIbHas1 TPaZyHUPOBKa UMeeTCs Ha 060 aj-
rebpe.

[MogmpocTpaHcTBa A; Ha3bpBalOTCA (OZHOPOAHBIMH) KOMNOHEHMAamu
rpaZlyupoBaHHOI anre6pbl A. DJIeMEHT a Ha3bIBAlOT 00HOPOOHBIM, €CIU
a €A, nyisa HekoToporo s = 0. B 3ToM ciy4ae roBOpAT, YTO 3JIeMEHT a UMeeT
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CTENEHb s, U 3amuceiBaioT dega =s. CTemneHb aneMeHTa 0 He OmpeeseHa,
Y MOXXHO CYMTaTh, YTO OHA IIPUHUMAET BCe BO3MOXKHBIE 3HAUEHMUS.
[TpoM3BOMbHBIH 2IEMEHT d € A e IMHCTBEHHBIM 00pa30M 3aITiChIBAeTCs
B BUJie CYMMbl d =4 + ... +dj OAHOPOAHBIX JIEMEHTOB, KOTOPbIE MbI
6yzeM Ha3biBaTh (OAHOPOAHBIMU) KOMNOHEHMAMU STOTO dIEeMeHTa.

3azaua 1. JlokaxuTe, YTO eJUHHUIIA — 3TO OAHOPOAHBIN 3/IEMeHT CTe-
TIeHU HYJIb.

[IpuBeseM IpUMepH IPaZyUPOBOK Ha ajrebpe MHOTOWIEHOB:

1) A=K[x],degx=1, K[x] =K (x)® (x?)® () &...;

2) 6osee 061mM 06pasom, A=K[x,, ..., x,] 1 degx}' ... =i;+...+1,;

3) A=KI[xy, ..., x,] n degx}...x; =2i;.

OTH NMpHUMEPH MOXKHO 000BIIUTh, pACCMOTPEB IPaZyUPOBKY ajirebpel
A=K[xy, ..., Xx,], onpegeneHHyto yciosuamu degx; = d;. Lienrle HeoT-
pulaTeNbHbIe Yncia d; Ha3bIBAIOT 8ecamu MepeMeHHBIX. Ha3oBeM Takue
I'PaJypOBKY Ha airebpe MHOTOWIEHOB 8eco8biMU. JIJI1 BECOBOH IpaJyu-
posku degx!'...x; =id; + ... +1i,d,. B yacTHOCTH, BO BTOPOM IIpHMepe
di=...=d,=1,aBTpetbeM d; =2u dy=...=d, =0.

Yrnpaxuenue 1. [TpuBeauTe nmpumep rpazyupoBku Ha K[x], Ansa ko-
TOPOM X He ABJIAETCA OZHOPOAHBIM JIEMEHTOM.

3azaya 2. JlokaxkuTe, uyTo anrebpsl a) Mat,,,(K); 6) C[0, 1] gomyc-
KaloT TOJIbKO TPUBHANbHYIO TPaIyUPOBKY.

Bcrony manee Mbl cuuTaeM aarebpy A KoMmymamuegHoll, T. €. TIPeIo-
Jlaraem, 4To ab =ba a4 mo6wIX a, b € A.

Ompenenenue 2. 1. DIeMeHT a € A Ha3bIBaeTCs 00pAMUMbIM, €CITU
HaliZieTca Taxkoii aneMeHT b € A, uto ab=1.

2. DIeMeHT a € A Ha3bIBAETCA desiumesiemM HYAs, eCu a 7 0 1 HahzeTcs
Takoi snemeHT b€ A, b#0, uro ab=0.

3. DneMeHT a € A Ha3bIBAeTCA HUWIbNOMEHMHbIM, eciu a 70 U1 HaligeT-
csa Takoe n €N, yro a" =0.

YrnpaxueHue 2. JlokaxuTe, YTO B KOHEYHOMEPHOU I'paZlyipOBaHHOMU
anrebpe OJHOPOAHBIM 3JIEMEHT TIOMOXKUTENBHOMN CTENEHU SABIAETCA HIIb-
MTOTEHTHBIM.

Omnpegenenue 3. [loampocTpaHcTBo U rpagyrpoBaHHOM aare6ps A
Ha3bIBaeTcss 00HOPOOHbIM, ECIIU
U= wnay.
520
Ynpaxuenue 3. [IpoBepsTe, YTO NOANPOCTPAHCTBO U OZHOPOAHO TO-
I/la ¥ TOJIbKO TOTZA, KOIZia AJIs KaxAoro u € U Bce ero KOMIIOHEHTHI JieXaT
BU.
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HamomHuM, 4To nodaneebpoii aarebpbl A Ha3bIBAETCA MOAIIPOCTPAaH-
CTBO B, KOTOpOE camo sBJsIeTCs anre6poi OTHOCUTENBHO TOMU JKe omepa-
I[MY YMHOXKeHUs1. MBI TIpeATonaraeM, 4To nogaire6pa CoOAepyKUT eUHUILY.

[Moganrebpa B rpaZynpoBaHHOM anre6pbl A Ha3bIBA€TCSI 00HOPOOHOLL,
eCc/Iv OHA ABJISAETCSA OZHOPOAHBIM MOAIIPOCTPAHCTBOM B A. 3aMETHM, YTO
ofiHOpoAHasA ToAanrebpa B ABIAETCS IPafyUpOBaHHOM aarebpoii ¢ ofHo-
POAHBIMU KOMIIOHEHTaMu B, =BNA;.

JJ1s1 u3ydeHus rpaZyupOBaHHBIX anre6p BayKHO YMETh 3GGEKTUBHO 3a-
JlaBaTh Takue ajarebphl, a TakkKe KOHCTPYHPOBATh HOBBIE I'PaZyHMpOBaH-
Hble anre6phl U3 yke uMeroluxcsa. [loMruMo epexoga K OJHOPOAHOM Mo-
Janrebpe HaMm OyzeT Mmosie3Ha KOHCTPYKIUA TPaJyHpPOBKHU Ha daKTopa-
rebpe.

HamomHuM, 4To udean anre6psl A —3TO TaKOe TMOANPOCTPAHCTBO
I CA, uto al C1I ansaaoboro a € A. OTMeTUM, 4TO nugea I # A He ABIAeTCS
moganre6poii B A, Tak Kak He COAepP:KUT eauHuiry. Ha muoxectBe A/l
CMEXXHBIX KJIACCOB IO MOATIPOCTPAHCTBY I GpopMyJIEl

(a+D+B+D) =a+b+1, A(a+I)=Aa+I, (a+DbB+I)=ab+I

KOPPEKTHO OIpeZesAloT Ollepalliy CIOKEeHUd, YMHOXXEeHHs Ha CKaJiap
U yMHOKeHUs. [TonydeHHas TakuM o6pa3oM anrebpa Ha3bIBAeTCA hakmo-
pasnzebpoli anre6psl A 1o uzeany I. IIpeAnonoXuM, 4To uzaeat I SBiaseTcsa
OZIHOPOZHBIM IIOAIPOCTPAHCTBOM I'PaZyrpOBaHHOM anre6pot A. Torga A/l
€CTb IpsiMasi CyMMa MOANPOCTPaHCTB A, + I, mpudeM (Ag, + 1) (A, +1) €
C A, 45, +1. Tem campiM, Ans ogHOpOAHOTO Mzeana I Gaxkropanredpa A/l
nMeeT KaHOHMYECKYIO I'PafyupOBKY.
C KaXKAbIM IIOAMHOKeCcTBOM F € A MOXKHO CBsI3aTh Heas

I={nfi+..+nfirkeN, €A, fieF}.

OTOT Wzean Ha3bIBAaeTCA HAEANOM, NOPONCOeHHbIM TTOAMHOXKECTBOM F,
u obo3Hauaetcs (F). JIerko MpoBepuUTh, UTO (F) ABISETCI HaUMEHBIINM
ugeasoMm B A, cogepxamum F. Eciu anrebpa A TpagyupoBaHa U Bce
3JIeMeHTHI TOAMHOXecTBa F ogHOPOAHBL, TO uzean (F) Takke OHOPOZEH.
O6paTHo, B OHOPOJHOM Hease MOKHO BhIOpaTh OAHOPOAHbIE TTOPOXKIA-
IoIIHe.

IIpumep 1. IlycTs
A =Kl[x, xz]/(xf, x1x5), degx; =degx,=1.

Torza
A=K®(x,xy) ® (x%) @ (xg’)...,

dim A; =2, a mpoyre KOMIIOHEHTHI OZJHOMEDPHHI.
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Yopaxknenue 4. MOXXHO JIU 3Ty I'PafyupOBaHHYIO airebpy peaauso-
BaTbh B KauyeCTBe OJHOPOJHOM mozanre6psl HEKOTOPOH I'paZlyipOBaHHOMN
anre6psl MHOTOWIEHOB?

3azaya 3. [IpuBeauTe MpUMep rpaZlyupOBaHHON aireOpel, B KOTOPOU
€CTb HEOJJHOPOAHBIN 0OpaTUMBIH IEMEHT.

HamoMmuuM, 4TO 20MoMopdusm 13 anrebpul A B anrebpy A’ — srto Ta-
Koe JIMHeHoe oTobpaskeHune ¢ : A— A’, uro ¢ (ab) = p(a)y(b) mus mro-
obix a,b€ A u ¢ (1) =1/, rge 1 (cooTBeTCTBEHHO 1’) — 3TO €AUHUYHBIN
aneMeHT anre6pbl A (cooTBeTCTBEHHO A’). JIETKO MPOBEPUTD, YTO PO
romomopousma Ker ¢ sBisieTcsa ugeaaom anre6ps A.

[MoaMHOXKeCTBO S € A Ha3BIBAETCS CUCTEMOMU nopoxcoarowux (Wiu 06-
pasyrowux) anrebpsl A, eciiu KaXKAbIA 21eMeHT anre6psl A BEIpaXKaeTcs
KaK MHOTOWIEH OT KOHEYHOTO YMCJIa 3/IEMEeHTOB MHOXecTBa S. [TociegHee
yCJIOBHE PaBHOCWIBHO TOMY YTO A COBIIaZaeT ¢ HaMMeHbIell moganre6-
poit K[S] B A, comeprkarneii S. Anre6pa A Ha3bIBAe€TCS KOHEUHO NOPOJIC-
0€eHHOIL, eCTV CUCTEMY TIOPOXKJAIOIINX MOXKHO BbIOpaTh KOHEUHOM.

Ynpaxuenue 5. Jlokaxute, yTo pakTopasre6pa KOHEYHO MTOPOXKAEH-
HOH anre6pbl KOHEYHO OPOXKAEHA.

Anrebpa MHOrOWwIeHOB K[Xq, ..., X,] obiajaeT caeAyOIUM YHUBED-
CaJIbHBIM CBOMICTBOM: /ST K&XKAOH anrebpel A u Kaxa0ro Habopa ee aye-
MEeHTOB dj, ..., d, CYIleCcTByeT eANHCTBEHHbIN romoMopousm ¢ : K[xy, ...
..ss Xy 1 — A, A5 KOTOPOTO @ (X;) =@;. O6pazom MHOTOWIEHA f (X, ..., X;)
IIpU 3TOM TroMoMopdu3Me ABsgeTcA aneMeHT f(daq, ..., d,). B 4acTHOCTH,
anrebpa A MOXeT OBITH IIOPOXKJEHA N JIEMEHTAaMU TOTZAA U TOJIbKO TO-
I71a, KOr/la UMEeeTCs CEOPbEKTUBHBIN ToMOMOpu3M ¢ : K[x1, ..., x,] — A.
CornacHo Teopeme I'miabbepta o 6asuce (cm. [3, . 9, § 4, Teopema 2]),
KaKIbI ugean B anrebpe K[x;, ..., X,,] MOXXeT ObITh TIOPOXK/AE€H KOHEYHBIM
MHOXecTBOM. CileZloBaTeIbHO, KaXXAasa n-IopoxAeHHasA anrebpa A MOXXeT
OBITH NIpEeZICTaBIeHA B BUJE

KIx1, eous X1/ (15 oees frn)s
rae fi, ..., fm €KIlxq, ..o, X1

Ecnu anre6pa rpagyupoBaHa, To 06pasyoliye MOXKHO CUUTATh OJHO-
POAHBIMH. B camoM ziejie, TPOU3BOIBHYIO CUCTEMY 0OPasyIOIIUX MOXKHO
3aMEeHUTH Ha HAbOp MX OZHOPOAHBIX KOMIIOHEHT.

Omnpezgenenue 4. KoHeuyHO MOpOXAeHHAA rpafyrpoBaHHada anrebpa
A=@,., A, HazpIBaeTCcA cmaxdapmHoil, ecnmu Ay =K u anre6pa A mHOpoxk-
JlaeTcs KOMIIOHEHTOH A;.

YnpaxseHnue 6. 1. Jlokaxxure, uTo ecnu A= D, ,A; — KOHEYHO II0-
POX/ieHHas rpaJyrpoBaHHas anrebpa u Ap =K, To dim A, < o 7151 J11060-
ro s.
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2. [lpuBeauTE IpUMEpP rPaJyHpOBAHHOU aare6pbl A, KOTopas He KO-
HEYHO TOPOXKJEeHA U I KOTOpo# dim A, < o 151 1106010 .

3. Jloxaxure, uro eciu Ay =K, To yomoBue dim A, < oo s 1060T0 §
PaBHOCHJIBHO TOMY, YTO B ajire6pe A MOXKHO BHIOpaTh CHCTEMY MOPOXKZA-
IOIIIUX, COZEPKAllyl0 KOHEUHOe YHCJIO 37IEMEHTOB KaXK/iol CTeleH .

BrI60p crCcTeMBI MOPOXKAAOIUX HeogHO3HaYeH. OHAKO I'PaZyHpPOBKa
HaKJIaJbIBaeT HEKOTOPbIE OTPaHUYEHUS Ha TaKOM BHIOOD.

YnpaxueHnue 7. IIpoBepbTe, YTO 3JIE€MEHTBHI —X3, —X; + xg + 2x5X3,
Xy — 2x§ MOPOXKAAIOT anrebpy K[xy, Xy, X3].

3agaua 4. a) ITyctb A=ED,.,A; — KOHEYHO IIOPOXK/IeHHAA TPaynpo-
BaHHasA anrebpa u Ay =K. Ha3oBeM OZHOPOZHYIO CHCTEMY 0OPa3yrOLINX
MUHUMANBHOUL, €CTM HUKaKoe COOGCTBEHHOE IIOAMHOKECTBO 3TOH CUCTEMBI
He fABJAETCA CUCTeMOU obpasyroumux. JIoKaXXuUTe, YTO YHCIO 3JIEMEHTOB
B MUHUMAJIBHOM CHCTEMe He 3aBUCUT OT BbI6Opa MUHUMATHHOU CUCTEMEL.

6) Ilokaxkute, yTo 6e3 orpaHudyeHus A, =K yTBepKAeHUE MpeAbITY-
IIero MyHKTa HEBEPHO.

3azaya 5. JlokaxuTe, 9YTO KaxkzAas rnojaarebpa B aarebpe K[x] koHeu-
HO TIOPOXK/EHA.

[IpuBeseM ABa MprMepa He KOHEYHO MOPOXKAEHHBIX MoAairedp B aj-
re6pe K[x, y]. B o6oux nmpumepax moganrebpa A mopoxJaeTcs oHOUIe-
HaMU, TO3TOMY SIBJISIETCS OJHOPOAHOH /I 060U BECOBOM I'paflyiPOBKU
anre6ps K[x, y].

A=K[x, xy, xy? xy>,...]

Puc. 1

A=K[xyl:i=/2j]

Puc. 2
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3azaya 6. J[oKaXUTe, YTO ITH JIBE IOAANTeOPHI He SBIAIOTCA KOHEYHO
TIOPOXK/I€HHBIMU.

[Momanrebpa anre6pbl MHOTOWIEHOB HA3bIBAETCS MOHOMUAILHOUL, €CITU
OHa MOXKET OBITh MIOPOXKAEHA OAHOWIEHAMH.

Yupaxuenue 8. JlokakuTe, YTO MOHOMHUAIbHAsA IToJaarebpa ABIAeT-
cs1 TUHEeHHON 060/I09K0i HEKOTOPOTO MHOXKECTBA OHOWIEHOB.

Yupaxuenue 9. Jlokaxkute, 4To noganrebpa anare6psl MHOTOWIEHOB
MOHOMMaJIbHa TOT/Ia U TOJIBKO TOTZA, KOTI/la OHa OZHOPOZHA OTHOCUTENIBHO
Jt000# BECOBOH I'PaflyPOBKH.

Bbuto OBI MHTEpECHO HAWTU reOMETPHYECKOe OIMCAHKE He KOHEYHO
MTOPOXKAEHHBIX MOHOMUAIbHBIX Toganre6p B K[x, y].

MeI 3aBepIINM 3TOT aparpad HeCKOIbKUMU II0JIE3HBIMU OIIpeZieIeHH-
AMH U 3aJja9aMHu.

3agaya 7. Ilycts A= P,,(A; — KOHEUYHO NOPOXAEHHAA T'PafyHpo-
BaHHas anre6pa u A, =K. Onpezenum m-paspexceiue anre6pbl A Kak
OAHOPOAHYIO MOAANTEOPY

A™ =P Ay

k>0
Baezem Ha anre6pe A™ HoByIo rpazyHpoBKky, cantad, uro A = Ay, Jlo-

KaXKHTe, 4TO YHCII0 M MOKHO HoZ06paTh Tak, uTo A™ GyzeT cTaHAapTHOI
anre6poti.

IMpumep 2. Ilyctb A=K[x, y], degx =2, degy =3. Toraa A?) =(x),
Ho y2 € A® . ToaTomy anre6pa A® He cranzapTHa. C Zpyroi CTOPOHEL,
AP =(x* y?), u ecmu x'y) € A®, 1o 6o i > 3, Mbo j > 2. Orcroza c To-
MOIIBIO MHAYKIUK 3aKmodaeM, uto X'y’ = (x)1 (y?)/1, u, snauuT, anre6-
pa A® crangaprHa.

Omnpezesenue 5. DleMeHTH dj, ..., d, anre6phl A Ha3LIBAIOTCA A/12e6-
pauuecku Hezasucumwimu, eciu F(aq, ..., a,) # 0 Aaa mo60ro HEHYIEBOTO
MHorouwieHa F OT n mepeMeHHBIX. Aire6pa A HasbIBaeTcsi c60600HOII, ecu
OHa MOPOKJAeTCA aare6panyecKy He3aBUCUMBIMU 3/IeMEeHTaMH.

CBo6oHbIE aMTeOpPhl — 3TO B TOYHOCTH ajrebpsl, u3oMopQHbIEe anreb-
paM MHOTOWIEHOB.

3azaua 8. Ilycts A =(D,.,A; — cBo6OAHAA TPaZlyNpOBaHHasA anre6-
pa, Ay KoTopoit Ay =K. JlokaxuTe, 9yTo airebpanyecku He3aBHUCHUMBIE
obpa3yrolre MOXHO BBIOPATh OHOPOJHBIMHU.

[Iycth A — mpou3BosibHasA anrebpa 6e3 genuTeneil Hyad. Ham moHa-
DO6GUTCA KOHCTPYKIUA NnoJisi uacmHsix QA. PaccMOTpPUM MHOXXECTBO IIap
JIEMEHTOB U3 A, BTOPOH 3JIeMEHT KOTOPHIX OTIMYEH OT Hy/s. Ham 6yzeT
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a

ya0OHO 3alMCHIBaTh Maphl Kak Apobu 5 DneMeHTaMU MHOXecTBa QA 6y-
a C

AT KIIACChl 5KBUBAJICHTHOCTH 11ap, TAe 3 ~ 7

ad =bc. Tlo aHanOruy ¢ PaMOHAIBPHEIMU YUCJIAMU Ha KJIACCaX BBOAATCS
oIepauuy CI0XeHUs, BBIUUTAHUA, YMHOXXEHHUA U Je/leHUA Ha HeHy/eBol
KJIacc, U MHO)XeCTBO QA CTaHOBUTCA TojieM. Alre6py A MOXKHO paccMmaT-

a
pHUBaTh Kak moAanre6py B QA, oTobpa3uB 31eMeHT d B 1

Omnpeznenenue 6. Anrebpa A 6e3 genuTeseill Hy/ns Ha3bIBAeTCA Ue-
JI03AMKHYMOll, €CIU i MO0bIX dy, ...,d, €A, p € QA U3 COOTHOIIEHHUS
p"+a;p" ' +...+a,=0 creayer, uTo p €A.

TOTZIa ¥ TOJIBKO TOIZA, KOTAa

3azaya 9. JlokaxkuTe, 4TO aare6pa MHOrowieHoB K[xy, ..., Xx,] 1ejo-
3aMKHYyTa.

IMpumep 3. Ilycth A — moganre6pa B K[x], mopoxaeHHas 2l1eMeHTa-

b
Mu a=x%ub=x3 Torga x= JE€EQA\An x? =a. 3uauut, anrebpa A He
SIBJIAETCA 1[eJI03aMKHYTOM.

Harra 6mikaiiimas 1eib — HalTH KPUTEPUH 11€103aMKHYTOCTH MOHO-
MuanbHOM moganre6pbl A € K[xy, ..., x,]. C KQKABIM OJHOWIEHOM M =
= x}'x,%... X, CBsDKeM Touky p(m) = (iy, ..., 1,) C LieJBIMU HEOTPHLIATE b-
HBIMU KoopzauHatamu. Onpezaenum P(A) ={p(m): m € A}. Torma P(A) —
MTOAMHOXKECTBO B pelieTKe Z", KOTOPOe COAEP)KUT HYJIb M BMECTE C JIIO-
OBIMU BYMsI DJIEMEHTAMM COAEPXKHUT UX cymMMmy. Takue IIOAMHOMKECTBa
HasbIBalOT MoHoudamu. Ilyctb H(A) — MHOXKeCTBO 3/1eMeHTOB u3 P(A),
KOTOpBIE HEJIb3s1 MIPEACTAaBUTh B BU/IE CYMMBI IBYX HEHYJIEBBIX 2JIEMEHTOB
u3 P(A). MHoxecTBo H(A) HasweiBaeTcsi 6asucom I'unbbepma MoHOWA
P(A). Ilyctb G(A) ={m: p(m) € H(A)}.

Ynpaxuenue 10. Jlokaxure, uto G(A) mOpoxzgaeT A U Kaxzaas CU-
cTeMa TIOPOXKJAIONINX anre6phl A, COCTOSIAS U3 OJHOWIEHOB, COAEPIKUT
G(A). B yactHoCTH, ofanre6pa A KOHEYHO MOPOKAEeHAa TOrJa M TOIbKO
ToTZa, Koraa 6asuc I'miabbepTa KOHEYEeH.

C KaXXpIM MMOAMHOKeCcTBOM H PEUIETKHU Z" cBSKEM IIOPOXAEHHBIE UM
IIOAPEIIETKY

L(H) = {z;hy+...+zh: k€N, z; €Z, h; e H},
MOHOUZ
M(H) = {njh;+...+nhy: k€N, n; € Zsy, h; € H}
Y KOHYC
K(H) = {qih1+...+qhc: k €N, q; € Qso, h; €H}.
fAcHo, ytro M(H) CL(H)NK(H).
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Omnpegenenue 7. IlogmHoxkecTBO H C 7" Ha3BIBAETCS HACHIUEHHBIM,
ecm M(H)=L(H)NK(H).
IIpumep 4. PaccMOTPUM IIOAMHOXECTBO
H=1{(1,3), (2,2), 3,1, (2,4, 4,2} cz

I Hero L(H) — 3To pelieTKa LeJbIX TOUYeK C YeTHONM CyMMOUM KOoOpAu-
Hart, a kouyc K (H) nzobpakeH Ha puc. 3.

Puc. 3

Touka (1, 1) nexur B L(H) NK(H), Ho B M (H) He nomnaziaet, I0O3TOMY
IMOAMHOKeCTBO H He HaCBIIEHHO.

Ynpaxxuenue 11. IIpoBepsbTe, yTO MOAMHOXKeCTBO H C 7" HaChIIIIEHHO
TOTZIa ¥ TOJIbKO TOrZa, Korza u3 ycinoBusa ka € M (H) ansa HeKOTOphX k €N
u a € L(H) cnenyert, urto a € M (H).

Ynpaxknenue 12. JJoKaXuTe, YTO AJI1 MOHOMUAIbHOU MOAAMTeOpHI A
CJIelyIoInye YCIOBUSA SKBUBATIEHTHBI:

1) 6asuc I'mnbbepra H(A) siBJsIeTCS HACHIIIEHHBIM ITOMHOKECTBOM;

2) cymiecTByeT Takoe HachlllleHHoe MoAMHOXecTBO H, uTo H(A) CH C
CP(A);

3) mo60e Takoe moaMHOXeCcTBO H, uro H(A) C H C P(A), HaCBIILIEHHO.

3azada 10. [loxakuTe, YTO MOHOMMAIbHAA MTofaarebpa A 1e103aMK-
HyTa TOTZ|a U TOIBKO TOrAa, Korzaa P(A) aBisieTcs HACHIEHHBIM MTOAMHO-
JKeCTBOM B Z".

3azaua 11. IlepeHecuTe npeAplAyline pe3ylbTaTbl HA MOHOMUAJIbHEIE
noganre6psl B anrre6pe MHorowieHos Jlopana K[xq, xi L X, x; '

3azaua 12. Ilycte A C K[x, y] — 1je03aMKHyTasi OAHOPOAHAsA OTHO-
CUTENBbHO CTaHJAPTHOU TPaJyupOBKH mojairebpa, cogepxalias JTeMeHT
x. TlpeamnosnoxumM, 9TO T0JIe YaCTHBIX QA COBIAZAeT C IOJIEM PaIfMOHAb-
HBIX Apobeii K(x, y). JlokaxkuTe, 4To mogaire6pa A MOHOMHATbHA.
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IIycte A=(D,. (A, ¥ Bce KOMIIOHEHTHI A; KOHeUHOMepHBI. OnpezenuM
psao [lyankape TpagynpoBaHHOM anrebpbl A kKak GOpMaybHBIN P/l OT Tie-
PeMeHHOM t:

P(A,t) = ZdimAs ¢S,
520
ITpumep 5. ITycte A=K[x] u degx=d > 0. Torzga
1
1—¢d”

[Tycts A=K[xq, ..., X,] — anrebpa MHOTOWIEHOB C BECOBOU TpaayH-
poBkoii degx; =d; > 0. Toraa pasmepHocTh dim A; paBHa YUCIy CIOCOO0B
pasbuTh s B CyMMy cIaraeMsix dq, ..., d, (c moBroperusamu). Otcioga cie-
ZyeT, 4To

PA, D) =1+t 4+t ¢34 . =

PA D =Q+th+2h 4+ YA+t 4204 ) (A +th 424 ) =
_ 1
-t -th).(1—th)”
[lycte A = K[x3, x51/(x1x5), degx; = degx, = 1. Torma mpu s = 1
KOMIIOHEeHTa A; ecTb JMHelHad 060/l0YKa d/IeMEeHTOB Xj U X3. [ToaToMy
dimAy=1u dim A;=2 npu s > 1. 3Ha4uT,

P(AD = (A+t+E+8+. )+ +2+0+.) = T+ = 18
3azauya 13. IlpuBeguTe mpuMep KOHEYHO IMOPOXKAEHHOUW I'DPaZyHUpo-

BaHHOI anre6phl A, s KOTOpoi P(A, t) = 1L—t

3azaga 14. IlycTh 711 KOHEYHO IOPOXJEHHOU rpaZyrupoBaHHOM aj-
re6pel A 6e3 genuteseii Hya psag [lyaHkape UMeeT BUZ

1
1-t1)(A—t%2)...(1—th)"
BepHo sm, uTo A uzomopdHa anrebpe mHorowieHoB K[xy, ..., X,] ¢ Beco-

BOI rpagyrpoBkoi deg x; =d;?

3azaya 15. TlycTh rpagyvpoBaHHas aarebpa A MopoxkaeHa OJHOPO-
HBIMU 3JIeMeHTaMH d, ds, ..., d, CTelleHell d;, d,, ..., d, COOTBETCTBEHHO.
JlokaxxuTe, 4TO d;, Ay, ..., A, ANIreOpayecKy He3aBUCUMEI TOTZIA U TOIBKO

TOrZa, Koraa
1

1—t9)(1—t®)...(1—td)’

P(A 1) = (
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B paccMOTpeHHBIX IIpUMepax HaM yZaBasoch 3amucarth psaz [lyaHka-
pe B BUJle PalMOHATBHONU QYHKINM OT IlepeMeHHoM t. OKa3bIBaeTcs, A
KOHEYHO MOPOXKAEHHO anrebprl A Takas 3aIMCh Bcerga Bo3MoykHa. CoOT-
BETCTBYIOIIYIO TEOPEMY €CTECTBEHHO GOPMYIMPOBATh U JOKa3hIBaTh B 60-
Jlee MUPOKOM KOHTEKCTe TPafyUpOBAHHBIX MOZYJIEH.

HamomuuM, 4To M0odyas Haj K-anrebpoit A — 3To K-BEKTOPHOE IIPO-
CTpPaHCTBO M C 3aJJaHHBIM OWIMHEHHBIM OTOOpaskeHHeM A X M — M,
(a, m) — am, yIOBIETBOPAIOIINM HabOPy aKCHMOM, aHAJOTUYHBIM aKCH-
oMaM BEKTOPHOI'O IIPOCTPAHCTBa HaJ mosieMm; cM. [3, 1. 9, § 3]. Moaynb
M Ha3bIBaeTCs KOHEUHO NOPONCOeHHbLM, eClTU HaWAyTcAd TaKye dJeMeHTHI
my, ..., m, € M, 4ro m000# 371eMeHT m € M MOXXHO IIPEICTAaBUTh B BU7IE
m=aym; + ... + a,m,, AJd HEKOTOPHIX dj,...,d, € A. IToomodynb A-
Mozynsi M —a3To Takoe mozmpocrpaHcTBo L € M, uro al € L ana jro-
6b1x a € A u [ € L. Haripumep, kaxzaas anrebpa A sBisgeTcs A-MOAYIEM
OTHOCUTEJIbHO €CTeCTBEHHOTO YMHOXXEHHA. DTO MOAY/Ib IMOPOXKAAETCS
OZHUM 3JIeMeHTOM — eAuHuIel. [IoAMOAYIN TaKOro MOZYJISI — 3TO UJe-
asel anrebpel A. 3aMeTUM TaKkKe, YTO 1-TIOpOoXKAeHHble A-MOZYIU — 3TO
B TOYHOCTH (daKTOpaareOphl anrebper A.

Xopotio u3BecTHOe 060061eHe TeopeMbl ['1bbepTa o 6asuce yTBep-
XKAAET, YTO ecu airebpa A KOHEUHO MOPOXKAEHA, TO KXKABIN MOAMOAYIb
KOHEYHO MTOPOXKJIEHHOTO A-MOZAY/IA KOHEYHO MTOPOXKIEH; cM. [3, 1. 9, § 4].

[pexmosnoxum, 4yTo anrebpa A rpaayupoBaHa. Torga 2padyuposan-
Hblll A-MOZAYJIb —3TO A-MOAYAb M C TaKuM pasjoKeHUEM B MPSMYIO
CyMMy HOANPOCTPAHCTB M = Do My, uTo am € M And MOoOBIX a € A,
u m € M. Eciiu Bce mogmnpocTpaHcTBa M), KOHEYHOMEPHEI, MOXKHO OIIpe-
Jenuth psag Ilyankape rpaZydipoBaHHOTO MOZYJISA

P(M,t) = Zdika tk.
k>0
Teopema 1 ([I. Tunbbept, JK.-I1. Cepp). ITycmb A — epadyuposaHHas
anzebpa, NOpoNcOeHHAst dJIEMEHMAMU Ay, ..., d,, NOJOHCUMENbHLIX CIene-
Hell dq,...,d,, u M — koHeuHO nopoxcdeHHblll A-m00ynb. Toeda Halidemcs
maxotl mHozowneH f(t) € Z[t], umo

f®

1—th)(1—td2)...(1—tdn)"

Joxka3arenbcTBo. byzem Bectu unaykuuio o n. Ecimn=0, to A=K,
M — KoHeYHOMepHOe BeKTopHoe K-mpocTpaHcTBo M P(M,t) sBAdeTcA
MHOTOWIEHOM C IIeJIBIMM HEOTPUIaTENbHBIMU KodbduimeHTamu. [IycTh
n > 0. Paccmorpum anrebpy B = A/(a;), KoTopas mopoxzaeHa obpasamu
AMEMEHTOB d, ..., d,, U GakTopMogayabs N = M /a;M. OnpeaeavM OfHO-
poaHBIM moagMozaynb S moayad M kak S={m e M: a;m = 0}. Toraa S

P(M,t) = (
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ABJIAETCA TaKKe B-MOZy/leM U ero KOHeYHBIH Habop o6pasylomux Kak
A-MogyJis ABJISETCA M HabOpoM 06pasyIouX Haj B. PacCMOTPUM TOYHYIO
MTOCJIEOBATENBHOCTD IMHEMHBIX OTOOpa)KeHUI BEKTOPHBIX IPOCTPAHCTB:

0 — Sx = My = Miyq, = Niya, — 0,

IJle BTOpas CTPeKa — 3TO €CTECTBEHHOE BJIOXKEHHE, TPETh — YMHOXKe-
HIUe Ha a; ¥ YeTBepTas — ecTeCTBEHHAs MPOeKIHA Ha GpaKTOpMOAYIb. OT-
croga ajis ioboro k = 0 onydaem

dlmSk — dlka +dika+d1 — dime+d1 = 0.
3amMeTuM, 4TO IIpU ' < d; BBIONHAETCA paBeHCTBO M, =N,, 03TOMY
thp(S,t) —thP(M, t) +P(M,t) —P(N, t) = 0.

3Ha4MT,
P(N,t) —t41P(S, t)
1—¢h

P(M,t) =

[Tockonpky k B-mozynaM N U S IpUMEHUMO NPeANoaoKeHUe UHAYKIIUY,
MBI TI0JTy4aeM TpebyeMbiii BUA Aast P(M, t). O

3agaua 16. CymecTByeT M rpasyupoBaHHasA anre6pa A = P, qA;
6e3 gemuTeneli Hyd, s KOTOPOHM BCe KOMIIOHEHTH A, KOHEUHOMEDHEI,
HO pazx IlyaHkape He NpeACTaBUM B BHZE PAlMOHAIBbHON (QYHKIWHU OT
TepeMeHHOMU t?

3azada 17. BepHo jm, uTo ecnu paAz IlyaHkape rpaZyupoBaHHON ai-
re6pol 6e3 JenuTenel Hy/s IpeJCTaBUM B BUZIE PAllMOHAIbHON QYHKIIVH,
TO 3Ta anrebpa KOHEYHO IOPOXKJEeHAa?

[pexmomnoxuM, uyTo anrebpa A craHgaptHa. Psj [lyaHkape Tako# ai-
re6pBI MOXKHO 33/1aTh OoJiee SBHO.

Yopaxnenue 13. JlokaxuTe, YTO YUCIO OZHOWICHOB CTEIIEHHU S B CTaH-

o (s+n—-1)!
JapTHoOU anrebpe MHOTOWIEHOB K[X, ..., X,,] paBHO BICEIE
Tem campiM, psiz [TyaHKape cTaHAAPTHOM aarebpsl MHOTOWIEHOB Me-
(s+n—-1!
eT BUA 3, 16 ),

s=0

Omnpeaenenue 8. MHorowieH F(x) ¢ paluoHaJIbHBIMU KO3bOUITHEH-

TaMK Ha3bIBAETCA UENO3HAUHBbIM, €CIIN [JId HEKOTOPOI'0 HaTypaJIbHOI'O m
3HayeHue F(s) 1eno aasa JII060TO HaTypaJIbHOI'O S = m.

3agaua 18. JlokaxuTe, YTO [JIs 1leJIO3HAYHOTO MHOorowieHa F (x) 3Ha-
yeHue F(s) ABIgeTcA LeIbIM AJI J000T0 [esIoro s.
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3agaua 19. JlokaxuTe, 4TO AJIs LIEJIO3HAYHOI'O MHOrowieHa F(x) cre-
e’y d HaWAyTCsA LeJbIe Cg, Cq, ..., Cq TAKUE, YTO

F(x) =chf+...+61C;+co, rae C; = %x(x—l)...(x—s—l—l).

O6paTHO, KaKAblii MHOTOWIEH TAKOTO BHA IeI03HAYEH.

Teopema 2. /[na cmaxndapmHoll anzebpst A Halidymcsi makoe Hamy-
pabHOe M U maxoil yeno3HauHslili mHoeowreH H(x), umo dim A; = H(s)
051 1106020 § = m.

£
a-on

Joka3saTenbcTBO. 113 Teopemsl 1 cieayet, uto P(A, t) = A

HekoToporo f(t) €Z[t]. Toraa
_ (s+n—-11"
P(A, ) = f(O) ( R )
s=
Iycts f(t) =by+ b t+...+Db,,t™. Torza ans moboro s = m norydaeM
m

. _ (s—i+n—-1)!
dimA, = zo:bi—(s—i)!(n—l)!'
1=

OcraeTcs MOM0XKUTh
H(x) = z():(n_—ll)!(x—i—l-n—1)(x—i+n—2)...(x—i+1).
=

OTOT MHOTOWIEH IieJlo3HauyeH, MOCKONbKY NIpPU S = m 3HadeHHe H(s) =
=dim A; — 1esioe 4uco. O

Onpepenenne 9. MuorowieH H (x) Ha3bIBaeTCsA MHO20wieHOM [uUnb-
6epma cTaHZapTHOM anrebps! A.

3agaua 20. Tlycts P(A, t) = (1f f%n u f()=(1—0rg(®), tae g(1) £0.

JloKaykuTe, 9YTO CTapIINi WieH MHOrowieHa ['mipbepTa paBeH

g(1) 1
n—-r—-1N! x"

3azaya 21. Haiigure MHOrowieH ['mibbepTa anre6psl
K[xla x2: X3, X4]/(h),

rae heK[x;, Xq, X3, X4] — OZHOPOAHBIN MHOTOWIEH CTeNeHU d.



§ 3. ITociegoBaTEeIBHOCTA pa3MepHOCTEN
KOMIIOHEHT

IIycte A= (P, (A; — rpasyupoBaHHas anrebpa, /i KOTopoit Ay =K
u dim A, < o z151 11060710 S.
PaccmoTpuM nocsie[0BaTeNbHOCTh Pa3MEPHOCTEN KOMIIOHEHT

Po = dlmAO = 1, P = dimAl, Do = dimAz, P3 = dimAS, vee

Kakue gmcioBbIe TOC/Ie[0BAaTENBHOCTH MOTYT TaK BO3HUKATH? Eciu He
HaKJaZbIBaTh Ha airebpy AOMOTHUTENbHBIX OIPaHUYEHHUH, STOT BOIIPOC
MaJIOUHTEepeCceH.

3azada 22. JIokakuTe, 4TO AJIA 11000 oCae10BaTeNbHOCTH 1, py, Py,
D3, -.- LIeJIbIX HEOTPUIATENbHBIX YHCEN HalJeTcs Takas IrpaZydpoBaHHAsA
anrebpa A, yto dim A = p, /1A KQXKAOTO S.

Ecii orpaHMYUTBCA KOHEYHO IOPOXKAEHHBIMU anrebpaMu, BOIPOC
CTaHOBUTCS 6ojiee cofiepyKaTelbHBIM, HO, KakK IIOKAa3bIBaeT CJeAYIOIIast
3aZla4ya, Ha KOHCTPYKTUBHOE pelleHue PAacCIMTHIBATh BCe PABHO He IIpU-
XOZAUTCA.

3agaua 23. a) JJokaXuTe, YTO JI00ass KOHEYHast [10C/Ie[0BaTeIbHOCTD
1, p1, P25 ---» P LI€TIBIX HEOTPUIATENbHBIX YMCET MOXKET BEICTYIIATh B Ka-
YecTBe HAaYaJIbHOTO OTpe3Ka IOCIeZ0BaTeIbHOCTH Pa3MePHOCTEN KOMIIO-
HEHT KOHEYHO MTOPOXKAEHHOM rpaZydipOBaHHOM aareOphl.

6) [lpuBeguTe TMpUMeEp MOCAEAOBATENBHOCTH 1, P1, Py, P3, -.- LIEIBIX
HEOTpHUIlAaTeNbHBIX YHCeJ, KOTopasd He COBIIaZaeT C TOocJjel0BaTelbHO-
CTBIO pa3MepHOCTeH KOMIIOHEHT HU JJi KaKOW KOHEYHO IMOPOXJeHHOU
rpaZilyupOBaHHOM aare6phl.

Hwmxe mbl 6yaeM n3y4aTb 4YHUC/IOBBIE ITOC/IE€A0BATEJIbHOCTH, KOTOPBIE
peaM3yroTCA B Ka4eCTBE rnocjiefioBaTesbHOCTEH paSMepHOCTefI KOMIIO-
HEHT CTaHZapTHBIX aJ'II‘e6p.

Yupaxuenue 14. JlokaxkuTe, YTO MUHUMAaJbHOE YHCIO 0OPA3yIOIINX
CTaHZapTHOU ajre6psl paBHO p; =dim A;.

Ortcroga 47151 CTaHZAPTHOM anreOphbl A BHITEKaeT HEPABEHCTBO

(s+n—-1)!
ST osltn—=1)!°

rae n = p;. OgHAaKO 3TO HEOOXOAUMOE YCJIOBHE Ha IMOCIEA0BATEIbHOCTD
pPa3MepHOCTel KOMIIOHEHT He SIBJIETCA AOCTaTOYHBIM.
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3azaya 24. JlokaxuTe, 4TO IToCIefioBaTeibHOCTL {1, 2,2, 4,0,0,0, ...}
He ABJISIETCA MOCIe0BaTeTbHOCTBIO Pa3MePHOCTEN KOMITIOHEHT CTaHAAPT-
HOIf anre6phl.

[lepetizeM k usnoxeHuto pesyiabratoB @. C. Makones; cMm. [13] (1927).
Bynem paccMaTpuBaTh CTaHZApTHYIO aiarebpy A Kak dakTopanrebpy ai-
re6psl MHOTOWIEHOB K[X1, ..., X, ], T1e n = p;. IIpx U3y4YeHUU MOCIeA0BaA-
TEJIbHOCTH pa3MePHOCTEH KOMIIOHEHT €CTECTBEHHO HaYaTh C HAXOXKAEHMS
yao6HOro 6asuca anre6pbl A KaK BEKTOPHOTO ITPOCTPAHCTBA.

O603HaYNM Yepe3 ./ MHOXECTBO OJHOWIEHOB OT MMEPEMEHHBIX X1, ...
..s» X, C KO3 PuIMeHTom 1.

Onpepenenue 10. HazoBeM nmoAMHOXECTBO A C .4 HOPMANbHLIM,
eciu N # @ Y U3 yCIOBUU mq € N, my AeIUT My CIefyeT, 4To My € N .

Ynpaxuenue 15. JlokaxkuTe, YTO MOAMHOXECTBO A C ./ HOPMaJbHO
TOIZIa X TOJBKO TOI/Ia, KOrza JUHENHAass 000/I09Ka OZHOWIEHOB U3 A \ N
apiAeTcs ugeanoM B K[xq, ..., x,].

IIpegnoxenue 1. IIycms A=K[xy, ..., Xx,]1/I — cmandapmuas anzeb-
pa. Tozda Hatidemcs HOPMALHOE MHO}CECMB0 00HOUNEH08 A, 06pa3 KOmo-
po20 8 A sisasiemea 6a3ucom A Kak 8eKmMopHO20 NPOCMpPAaHcmed.

Jloka3zaTrenbcTBO. BBeseM Ha MHOXeCTBe ./ JIEKCUKOrpadUIeCcKUi
nopsAAoK. HallOMHKM, YTO B 9TOM IOPAAKE X)'...X; < X]'...X,", €C/IH Hali-
JIeTCA TakKoe K, UTO i1 = jq, .., lxe1 = jk—1, ik < Jk. JIeKCUKOTpapuIecKuit
TIOPAZ0K MO3BOJISIET IMHEWHO YIIOPSAAOYUTH WIEHBI ITPOU3BOJIBHOTO MHO-
rowieHa f, B YaCTHOCTH OZHO3HAYHO OIPEZE/IUTD CTAPLIMI WIEH f MHO-
rowieHa f. PaccMoTpuM BEKTOPHOE IIPOCTPAHCTBO I, mopoxaeHHOE OfHO-

wieHamu {f : f €I}, 1 MHOXXeCcTBO A = ./ \I.

Yupaxnenue 16. IIpoBepbTe, uTo [ — Haean B anrebpe Klxy, ..., x,]
Y MHOXXECTBO ./ HOpMAaJIbHO.

[TokakeM, YTO MHOXKECTBO A~ SIBJIA€TCS NCKOMBIM.

1. Snemernmut u3 A AuUHeEHO He3asucuMbl 8 A. B camoM zese, TUHeHHasa
KOMOMHAITNA TaKUX 3JIEMEHTOB paBHa HY/IIO B A TOrJa U TOJBKO TOT/A,
Kor/la 3Ta KOMOUHAIMA JeKUT B [. Torzaa ee cTapuiuii WieH JEXKUT B I.

2. Jiobotl anemeHm u3 A ecms JuHellHASA KOMOUHAUUS dJleMeHMOo8 u3 N .
st ;aHHOTO a € A paccMOTpUM ero poobpas f B K[xy, ..., X, ]. Beibepem
Cpeay WIeHOB MHOTOWIEHA f CTAPIIMil OZHOWIEH 1M, KOTOPBIH JIEXUT B I.
Hatigerca F €1, A KOTOPOTO F=m. 3amenum B f unren m Ha m—F. [Ipu
3TOM HOBBIH 3JIEMEHT Oy/ZIET COOTBETCTBOBATh TOMY K€ JJIEMEHTY d B dak-
Topanre6pe U CTAPIIMII WieH MHOTOWIeHa f, Iexamuii B I, yMeHbIIMTCA.
OcTaeTcs 3aMETHUTD, YTO B JIEKCUKOTpapUIeCKOM MOPsiIKE HET GECKOHEY-
HBIX CTPOTO YOBIBAIOUINX LIETI0YEK OHOWIEHOB. O
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PaznoikeHHe 3meMeHTa a € A 1Mo 6a3ucy .4 IPUHATO Ha3bIBaThb HOP-
ManvHoll popMotl ameMeHTa d.

Ipeanoxenue 2. [locned08amenbHOCMb UeablX HEOMPUUAMENbHbLX
uucen 1, pq, Py, P3s--- A875EMCS NOCAE008AMENLHOCTIBIO PA3MeEPHOCMeELL
KOMNOHeHM HeKomopoil cmandapmuotl anzebpsl A mozda u moabko mozod,
K020a Hatidemcsi makoe HOPMALbHOe NOOMHONcecmeo N C M, umo p, —
YUCJIO0 NeMEHM08 3MO020 NOOMHONCECMBA CIMeNneHU s.

Joka3arenbcTBo. VIMIUIMKaUuA = JOKa3aHa B npejioxeHuu 1. g
JI0Ka3aTeTbCTBA OOpAaTHON UMIUIMKALIMY PACCMOTPUM JHHEHHYIO 0607109-
Ky I anemeHTOB U3 .# \ A. Toraa [ ABIsIE€TCA UAECATOM U MTOCIEN0BATEb-

HOCTb pasMePHOCTel KOMITOHeHT dakTopanreops: K[xy, ..., X, 1/I ABjsieT-
cs1 ICKOMOI. O

Bygem o6o3HauaTh yepes //l,f nepBble (HauMeHbIIHEe) k OHOWIEHOB
CTENEHU S OT Xy, ..., X, B IEKCUKOrpadUIeCKOM MOPALKeE.

Onpegenenue 11. [locienoBaTenbHOCTD 1, py, Py, P3, -.. Ha3blBaeTCsa
O-nocnedosamenbHOCMbIO, €CJIM MHOXKECTBO OZHOWIEHOB

foe]
S
U,
s=0
OT N = p; IepeMeHHbIX HOPMaJIbHO.
IIpumep 6. I[locaexoBaTenbHOCTb 1,3,2,2 ABiadeTca O-mocaefoBa-
TeJIbHOCThIO, a IIocaeA0oBaTeNbHOCTh 1, 3, 2, 3 — HeT:
1
X3 Xz X
x§ XX x§ X1X3  X1Xy xf

X; szg X§X3 Xg Xlxg X1X9X3 Xlxg Xfx:g XfX2 Xf.

B camomMm fiesie, BO BTOPOM ciIydae oHOWIeH sz AEJNTCA Ha OJHOYWIEH
243
X%, KOTOpBIﬁ B IIOAMHOXKXECTBO He IIoIlaaeT.

3azaga 25. Ewm B onpezeneHun O-IIOCIEAOBaTEIbHOCTA OTCUUTHI-
BaTh He HaMMeHbIIIMe, a HauOOJbllIe OAHOWIEHHI, OyAeT I TaKoe OIIpe-
JleJieHVe SKBUBAJIEHTHO UCXOAHOMY?

VI3 npeznoxeHus 2 ciiefyeT, 4To arobas O-1ociie0BaTebHOCTh Peat-
3yeTcA Kak [oC/IeZ0BaTeNbHOCTh pa3MepHOCTe KOMIIOHEHT CTaHAaPTHOM
anre6phl.
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Hanomuum, 4to 6uHomuansHbiil koagduyuenm C; onpeaensercs A
!

sl(m—s)!
JIX XOTs1 OBbI OHO U3 YKCEN OTPUIATENbHO. [Ipy 3TOM MBI Tosaraem 0! =1.

Ipepnoxenue 3. I[Iycmbs m u d— PukcuposaHHvle HAMYPATbHbLE
yucaa. Toeda Haiidemcs po8HO 00HA MAkKaAsi NOCe008AMeNbHOCMb UeblX
HeompuyameabHbLX Yuces

k(d)>k(d-1)>...>k(1)=0

ILIEJIBIX YMCET M U S KaK —-——— Iprum = s> 0 u kak 0, eci m < s WIK ec-

umo

d 1
m= Ck(d)+ck(d 1)+"'+Ck(1)'

Onpegenenuie 12. JJaHHOe BhIpakeHUe Ha3bIBAeTCsA d-pasyiodceHuem
Maxones yucna m, auncna k(d), k(d — 1), ..., k(1) — d-koagpuyuenmamu
Maxkones gucia m.

ITpumep 7. Ilyctb m=5u d =7. Torga
— 6 34024 1
5=C;+C+C2+Ci+C3+C+C,.

Iycts Temeps m=8 u d =2. 3xecs 8=C3 +C,.

Jloka3arTenbCcTBO mpeioxkeHusa 3. Bocrmonb3yeMcs UHAYKIKEH 1o d.
IIpu d =1 umeem k(1) =m. [IycTb Teneps d > 1.

Jemma 1. Ecau k(d) >k(d—1)>...>k(1) =0, mo
d 1 d
Cry T T Craty < Cray a1

,Z[OKaBaTeJIbCTBO. BHOBb ucHonb3yeM HUHAyKNuio mo d. Ilpu d =1
umeeM C} .. <C} — BepHO. Tenepp yTBEPXKJEHUE JIEMMEBI CIeLyeT U3

d
Ck(d)

k(1)
paBeHcrBa C¢

k(D)+1

Cd

k) ¥ HEPaBEHCTB

k(d)+1
d-1 d-2 1 d-1
Ck(d 1 Ck(d 2) +..t Ck(l) Ck(d D+1 = Ck(d)’

IepBOe 13 KOTOPBIX BEPHO IO TIPEAITOMOKEHUIO I/IH,Z[YKLH/II/I O
Utak, 13 cyIecTBOBaHUA Pa3IOXeHUA CIeAyeT, YTO Ck @ Sm< Ck( D41
3aMeTHM, 4YTO /IS aaHme m 1 d HalJeTcs pOBHO ofHO uucio k(d), ana

xotoporo C¢ - <m <4 [To mpeAnonoXeHNI0 UHAYKIIUYU

k(d) = k(d)+1°

d d-1 1
m—Crgy = Craep T+ Ceays
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" nocaegosarenbHocTh k(d—1) > ...> k(1) =0 onpeaeneﬂa OZHO3HAU-

Ho. OcTaercs mokasartb, 4To k(d) > k(d 1), win 9yTo m — Ck( D < C,f( d%
[Toc/e/iHee HEpaBEHCTBO PABHOCHILHO HEPaBeHCTBY m < C4 KOTOpOe

k(d)+1°
BEPHO B cHJTy BeIGopa uncia k(d). O

Kak mokasbIBaeT Z0Ka3aTeabCcTBO, KoaddunmenTs k(i) yao6HO Haxo-
[UTH TTocaefoBaTeNbHO: k(i) — 5T0 HauboJIbIllee YHUCIO, AJIT KOTOPOIO

Ciy SM=Ciigy— -~ ity

Jlemma 2. Ecau k(d),..., k(1) —d-KoagﬁgBuuueHmbL Maxoanea uucaa
n, a k'(d), ..., k' (1) — d-koagppuyuenmst Maxones uucna n’, mo n>n’
moeda u moabko mozda, koeda Jekcuxoepaguuecku (k(d),...,k(1)) >
> (k'(d), ..., k'(1)).

Z[oxasaTeJILCTBo Eciu k(d) =k’(d), To BBIYTEM U3 1 U N’ YUCIIO Ck( O
¥ BOCITO/Ib3yeMcs MHAyKIMel o d. Ecam k(d) > k’(d), To gocTatoyHo zo-
Ka3aTb, YTO

Clay > Chay+Chiy+--+CL

(d d-1 -

JTO ciieAyeT U3 TOro, 9TO Ck( HZ Ck,(d) 41> ¥ M3 IEMMBI 1. O

O6BsICHUM, Kak pasjiokeHue Makoses CBS3aHO C JeKCHKorpaduye-
CKUM MOPSIZKOM Ha MHO)XXeCTBe OZHOWIEHOB. Hinke MBI paccMaTprBaem
OZHOWIEHH! ¢ KodbouiueHToM eguHuna. [IycTs U — OZHOWIEH CTEIEHU
d OT mepeMeHHBIX Xy, ..., X,,. O603HauYUM depe3 £ (u) MHOXKECTBO OZHO-
WIEHOB cTereHU d, MeHbIIMX u. Ham yzo6HO GyzeT 3amucaTh U B BHUIE
Xj1)Xj@---Xjdy TAE 1<) <) <...<j(d) <n. Obo3nauuM uepes
[X, ..., Xp]; MHOXECTBO OZHOWIEHOB OT Xy, ..., X, CTEIIeHH s Ipu k < n.
[Tpu k > n monaraem [xy, ..., X,]; MyCTHIM MHOKECTBOM.

Eci ofHOWIEH Vv MMeeT cTelleHb d U V < U, TO HEKOTOpble HaYaIbHbIE
OTPEe3KU OZHOWIEHOB U U V COBIIAZAAIOT, 4 3aTeM B V CJleiyeT IepeMeHHas
¢ 66pIuM HOMepoM. OTCIoZIa TIONyYaeM pasioKeHue

z(u) = [Xj(1)+1, ceey Xn]d lej(l) [Xj(2)+1, ceey Xn]d—l Ll...
..U (xj(l)"'xj(d—l)) [xj(d)+17 ceey Xn]l,
KOTOPOE OIpeESIeT d-paanoxceHHe Makoses uncia |.& (u)|:
£ W)|=C;_ J(l)+d 1+C +...+C!
Omnpegenenune 13. IlycTb
m=CY
Torza orpezneaum YKUCIo

d+1 2
m' Ck(d)+1+ck(d D1 T TGyt

n— )(2)+d -2 n—j(d)*

1
k@ Ck(d byt Cy-
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Jlemma 3. ﬂﬂ.ﬂ npous3e0JibHO20 00HOUW/IeHA U cmeneHu d 8blNoJIHsemcAa
paseHcmeso

| (ux,)| = £ @],

Jloka3aTeabCTBO. HOCKO.TIBKY ux, = xj(l) Xj @-- ..X'j (d)Xn, IOJIyda€M

_ d+1 d 2 1
1< (wx,)| = €75y a +Casjoyra—1 T T Coj@1 T Comnsions

U IoCJIefHee cIaraeMoe paBHO HYIIIO. O
Tereps MBI TOTOBEI CHOPMYIHPOBATH OCHOBHOU PE3YJIbTAT.

Teopema 3 (®. C. Makosne#i, I1. MakmronneH, P. Ctewnmu). Ilycms P =
= {1, p1, P2, P3, ...} — NOCNE008AMENBHOCML UEAbIX HEOMPUUAMENbHBLX
yuces. Toeda cnedyroujue yca08us IK8UBANEHMHbL:

(1) P—smo nocnedosamenbHOCMb paA3mepHOCMell KOMNOHEHM HeKo-
mopoii cmandapmHoii anzebpbt;

(2) P asnsemca O-nociedosamenbHOCTbIO;

) pas1 spéd> ons mobozo d = 1.

Nmrmukanus (2) = (1) gokasaHa B mpeAbIAyIIeM maparpade.

Jloka3aTeynbCTBO SKBUBAJIEHTHOCTHU yciaoBuit (2) u (3). Yeiosue (2)
O3HAYaEeT, YTO B MHOXXECTBE ./ OFHOWIEHOB OT N = p; IIEPEMEHHBIX IIOA-
MHOXXECTBO A = U:;O //Z;Q HOPMAaJIbHO. DTO PAaBHOCWIBHO TOMY, YTO ISl

JM000r0 OJHOWIEHA, He IIONABIIEro B 4/, BCe KpPAaTHBIE €My OZHOWIEHB
TaKXKe He HOHaau B A, [IJs1 KaXXJ0H cTelleHH d OZHOWIEHE!, He IOaBIINe
B A,—3TO OZHOWIEHH W, UMEIIUe B JIEKCUKOrpadUIecKOM IOpAIKE
(o Bo3pacTaHuio) HOMepa py + 1 U Bhlllle. 3HAYUT, YCIOBHUE HOPMAJIb-
HOCTH MHOXECTBA ./ paBHOCWJIBHO TOMY, YTO HOMEDP OZHOWIEHa WX; He
MeHBIIIE Py + 1 Ay mobbix d, w u i. Ho HoMep ofHOWIEeHa WX; HE MEeHb-
IIle HOMepa OJHOWIEHA WyX,, TZe Wy — OZHOWIEH cTereHu d C HOMEPOM

pg + 1. CormacHo 1eMmMe 3, HOMep MHOTOWIEHA WyX, paBeH pfid) +1, no-

3TOMYy ycoBHe (2) paBHOCWIBHO YCJIOBUIO Pyyq1 < pfid> Js1 mroboro d = 1.

TpyAHOM 4acThIO ZIOKA3aTeNbCTBA TEOPEMBI 3 ABJISETCS BBIBOJ, ITOCIIE-
HUX YCJIOBHH U3 ITepBOTO. B ciieayionyx naparpadax npuBOAATCSI HE3aBU-
CHMBIe ZIPyT OT ApyTa ZoKa3aTeabcTBa uMIUMkanui (1) = (2) u (1) = (3)
COOTBETCTBEHHO.

3azada 26. fBnaerca jau O-IOCIeA0BATEIbHOCTBIO MOCIEA0BATENb-
HocTb 1, 40, 100, 134, 148, 152, 248, 290,0,0, 0,0, ...?

3azauya 27. JlokaxxuTe, 4TO [JJis1 MPOU3BOJIBHOM O-IIOC/IeI0BATEh-
HoCTH 1, pq, Py, D3, -.. HaliZeTca Takoe m €N, YTO P, q =ps(5> 211 TF060T0
szm.
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3azauya 28. JlokaxkuTe, 9TO /IS IPOU3BOILHOM O-TI0CIe0BaTENIbHOC-
T HaWZyTCs TaKOe HAaTypaJbHOE M U TaKUE LeNble dq = dy = ... = dpy = —1,
YTO

ps=Cil +C2

s+a,; sta,

am
-1 +...+ Cs-&-am—m-&-l

J1s J1000ro s = m.

3agada 29. Ilycts gna O-mociefoBaTelnbHOCTU 1, py, Do, P3, ... Hal-
zercs Takoe m €N, 4To p,, < m. JJOKaXuTe, 4TO D, 1 < P, AJIA 11060r0
szm.



§ 5. KoMOMHATOPHBIN BApHUAHT T€OPEMBI
MakoJsies

B sTom maparpade mrI ciegyem pabote [10]. O603Haunm yepe3 F MHO-
JKECTBO BCeX HABOPOB U3 N IETBIX HEOTPUIIATENbHBIX YHCE. YIIOPSAOINM
F nexcuxkorpaduyecku. st kaxzaoro v €N olnpegeaum

F,={(ay,....,a):a;+...+a, =v}.
[ycts H C F — noamHOXXecTBO U H, =H NF,. O603HaunM yepe3 CH, mep-
Bble (T.e. HauMeHbIue) |H, | anemeHTOB MHO)XecTBa F,, rae |H, | — yucio

371eMeHTOB B H,,, u nosnoxum CH = UV CH, . C kaxapIM a € F cBa:xeM 1og-
MHO>KeCTBO

r(a) = {(al - 1: s, ---» an): (al: az — 1: tee an): ceey (al: az, .-, Ay — 1)} NF.
Onpegemnm I'H =, T'(@).

Teopema 4. Cnpasednugo gknouerue I'(CH,) € C(T'H,).

JoxkasaTenbcTBO. ByzeM HasbiBaTh NOAMHOXKeCTBO M C F, cacambim,
eciu CM =M.

Jlemma 4. Ecau mHoxncecmseo M CF, cacamo, mo u I'M CF,_, cucamo.

JoxkazarenbctBo. Ilycth a = (ay,...,a,), b=(by,...,b,), a,bEF,_;
u a <b. Hago mokasars, yro u3 ycnosus (bs,...,b; +1,...,b,) € M cre-
ayet, uto a € 'M. Ho (ay,...,a;+1,...,a,) <(by,...,b; +1,....,b,), u B
CHJIy CKATOCTH MHOXecTBa M mmeem (ay, ...,a;+1,...,a,) € M, oTKyAa
cienyert, yTo a € 'M. O

Tenepp A7 AokasaTelbCcTBa TEOPeMBl 4 JOCTAaTOYHO JOKasaTb, YTO
IT(CH,)|<|TH,|. B camom gene, C(I'H,) — aTo niepBhie |['H, | a7ileMeHTOB
MHOxecTBa F,_;, a kak ciexyeT u3 jemMmbl 4, I'(CH,) —3To IepBble
|T'(CH,)| anmemeHTOB MHOXecCTBa F,_;.

Jlemma 5. Teopema 4 gepHa npu n=2.

JoxkazarenbcTBo. Hazo mokasats, uto |['(CH,)| < |TH,|. [Ipu H, =F,
yTBepikAeHue oueBuaHO. [Ipu |[H,|=k <v+ 1 umeem |I'(CH, )| =k,

0,5 01,49 23 G2 G 60
0.4 (13 22 G 40,

a mpoBepka HepaseHcTBa |['H, | > k TipefiocTaBIAgeTCA YUTATEIO. O

Janee 6yzeM UCIONb30BATh UHAYKLIUIO 10 n. Onpeaeum

Hi:d = {(a17 AR an): ai = d}ﬂH,
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u 4epe3 (VH,);q 00O3HAYMM MHOXKeCTBO MepBbiX |(H,);.4| 31eMeHTOB
mHOXecTBa (F,);.;- ByZeM roBopurh, 4TO MOAMHOXKeCTBO H, sBisgercs
i-ccamoim, ecmm (VH,);.q= (H,);.q 411 BceX 3HaYeHU# d.

YrnpaxueHue 17. Tlokaxure, 4TO IIpU N = 2 KaXJ0€ IMOIMHOXECTBO
B F, aBndaerca 1- u 2-oxaTeIM. [Ipy n = 3 npuseguTe IpyuMep IOAMHOXe-
cTBa B F,, KOTOpOe i-CXaTo AJiA Bcex i =1, 2, ..., n, HO CKaThIM He ABJAeT-
cA.

Jemma 6. IIyemb n=23 u g=(g1,.--, 811, &) <h=(hq,..., h_1,0),
npuuem g,h € F,. Ecnu nodmHoxcecmeo S C F, i-cuamo npu i =1,2,n
uheS, moges.

Joka3aTenbcTBO. J[OCTATOYHO NMOCTPOUTH BO3PACTAIOUIYIO IETIOUKY
1eMeHTOB u3 F,, HAUMHAIOUIYIOCA B ¢ M 3aKaHYMBAIOUIYIOCA B h, B KO-
TOPOH y MIOOBIX ABYyX COCEAHUX IEMEHTOB XOTS ObI OZHA M3 KOOPJZMHAT
C HOMepaMH 1, 2 WX n COBIAAaeT.

1. [ycTb g =h;. IlogxoauT nienouka g < h.

2. Ilyctb hy =g7 + 1 u x0T OBl OZHO U3 YMCET ver, &1 OTIIMYHO

1 1 2> » &n—-1
or Hyna. [lonoxum & = (g; +1,0,...,0,8, + ... + g,_1 — 1, g,). Torza
g < g <h—uckomas 1eloYKa, TaK KaK ecyid Y MHOTOWIeHa h TOJIbKO h;
u h,_; OUINYHHL OT HyJId, TO h,_1=(g1+...+g)—h1 =g +...+g,—- 1=
>go+...+g,_1— 1, mnpuueM paBeHCTBO JOCTUTAETCSA TOMbKO TIpu g, =0.

3. Ilycte h1=g,+1u g,=...=g,_1=0. Torga g < (g, £,, 0, ..., 0) <h.
4. Nyctb hy =g, +k, k> 2. Torna 3amenum g Ha (g;+1, &5, ..., 8 — 1, ...
.»8n), & >0 ¥ BOCIIONIb3yeMCsT MHAYKITUEH TI0 K. (]

OmnpezeniM MHOXecTBa H MHAYKTUBHO: H!=H,uH, 1 =J,(VH; j )i-ds
rae i=j (mod n).

Jlemma 7. Haiidemcsa maxoe p >0, dna komopozo HY aensemcs i-cuca-
mom 0nf 8cexi=1,2,...,n

Jloka3aTenbCTBO. 3aHyMepyeM 3JeMeHThH MHOXKECTBa F, B JIEKCUKO-

rpaduyeckoM mopszke. Ilepexos oT H‘f K HJH HE U3MEHAET KOJIUYEeCTBO
JIEMEHTOB, U y KOKJOI0 U3MEHAEMOI'O 3JIeMEeHTa YMEeHbIIAeTCd HOMeEp.
CrefoBaTesnbHO, Yepe3 KOHEUYHOe YMCJIO IIaroB IPOLECCHl i-CXaTuA INpe-
KpaTATcd. O

Jlemma 8. IIpednonoxcum, umo meopema 4 eepHa 0151 HA60PO8 ONUHbL

n—1uTH,CH, ;. Toeda THy CH! | ons m06oz20 j.
JokasaTenbcTBO. Bocnonb3yemcsa mHAyKuMei 1o j. [Ipu j =1 BKIto-
1o
yeHue I'H, CH,_; BBIIIOJIHEHO I10 YCIOBUIO. JIOKaXKeM BKJIIOYEHUE FHJ *

CH]Jrl [To nmpeAnoNOXEeHUI0 UHAYKIIUU F((Hj)l DNF,_1)iqC (HV 1)1 d-
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[TpumeHaAa TeopeMy 4 KO BceM KOOpAMHATaM KpoMe i-ii onyurum
C(VHD:) N Fy)ia € (VH) D o)

V3 Brmovenys [H] gHj_l npu d = 1 ciezyer, 4To |(H£)i:d| < |(H‘{_1)i:d_1|,
oTKyZAa 1pu d = 1 nonydaem

T((VHD ) N (Fy_1)ig-1 S (VH£—1)i:d—1' @

B camoMm zene, meBas 4acTb — 3TO IIePBLIE I(H 1);-d| 21eMeHTOB MHOXeCTBa

(Fy_1)i.4—1, @ IpaBas 4acTb — 3TO [IepBHIE |(H _1)i:d—1| 2I€MEHTOB TOrO Xe
MHOXXeCTBa.

U3 cootrowmenus (1) crenyet, ato T'((VH.),.o) € (VH! j Dio ampud>1
u3 cootHomenu# (1) u (2) crexyet, 9To

T((VH) i) € (VH!_)i:qU(VH!_ g1

j+1_ j+1 j+1
YuursiBas, uro H; ' =|J, (VH‘,)i:d, nonyvaem I'H;, "~ CH; " . O
3aBepuIMM /I0Ka3aTelbCTBO TeopeMbl 4. IlycTh MHOXecTBO S = HY
ABJAeTCs i-oxaThiM 41 i =1, 2, ..., n. [onoxkum (I'H, )P = T. IlpumeHnsas

gemmy 8 K H,_; =TH,, nonyuyum F(Hp) C (T'H,)?, wiu T'S C T. Byaem
MMOCTENIEHHO M3MeHATh S u T Tak, 4To6bl B KOHIlE moiayuuth S = CH,
uTCC(TH,).

Ecmu S=F,, To u H,=F,, a 35auut, I'(CH,) =F,_; =C(I'H,). IIycTp
g=1(gy, ..., &) — nepBbIii anemenT u3 F,\ S u h= (hy, ..., h,) — nocnez-
Huii anement u3 S. Ecm h < g, To S=CH, u |[I'(CH,)|=|T'S|<|T|=|TH,|.
[Iycth Temeps h > g. Ecu h, =0, To 10 eMMe 6 MBI nonyqaeM ges,
YTO MPUBOAUT K mpoTuBopeuunto. [Monoxkum h* = (hq, ..., h,_1, h, — 1)
u g =(0gy--8-1,8 — 1) npu g, > 0. VI3 BKIIOYEHUA FS cT cne,ayeT,
yto h* €T. Ecmu x € S\ {h}, To ans moboro y € I'(x) umeem y < x < h.
Orcroga h* ¢ T'(x) ans mo6oro x €S\ {h}. Ionoxum S’ = (S\{h}) U{g} u

—_ { (T\{h*}Hu{g'}, ecmug, > 0;
T, ecnu g, = 0.
[TpoBepum, uto I'S’ € T’. Jljist 3TOTO AOCTATOYHO TOKa3aTh, 4To I'(g) S T'.
Eciu g, > 0, T0 ¢* nexut B T’ 110 OCTpOeHUto. dneMeHT (gq, ..., & — 1, ...
v &) nexurs'((gy, .-, 8 -1, ..., &+ D)) u(g,-.-.&—1,....,8,+1)<g,
noatomy (g4, -.-, & —1, ..., g, +1) €S. OTcroga caeayer, 4To

ragy,...,g—-1,...,g,+1) CT.

Hazo nouaAts, uro (gq,...,& —1,...,8,) #h*=(hy,...,h,_1,h, — 1). Ho
B cwiy l-cxatocTu uMmeeM h; > g;. 3aMETHUM TaKXKe, YTO MHO)KECTBO S’
ABJIAETCA [-CKaTBIM /711 BCeX .
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I[Tocjie KOHEYHOro Yucja mepexozos oT (S, T) k (S, T') Mbl moIyYrM
S=CH,, I'(CH,)CT u [['(CH,)|<|T|=|TH,]|. O

JokasarenbcTBo MMILUIUKanuu (1) = (2) B Teopeme 3. CorsiacHo
TpeAJIoKeHNI0 2 HaleTcss HOpMalbHOe MOAMHOXECTBO A C 4, YUCIo
JIEMEHTOB CTEIEHU s KOTOPOrO PaBHO p;. IIycTh H — MHOXKeCTBO Habo-
POB CcTelleHel 27eMeHTOB IIoJMHOXecTBa A . VI3 TeopeMsl! 4 ciezyeT, 4To
MHOXECTBO OZHOWIEHOB ¥, HAOOphI CTElMeHel KOTOPBIX MPUHAJIEKAT

(v} _ o] s

CH, aBnsaeTca HOpMaJbHEIM. C pyroyl CTOPOHEL, X = U s=0 /ﬂps'



§ 6. Teopema I'puna

B sTom maparpade mokasaH pesynbraT U3 pabots [11]. B usnoxeHUM
MBI ciesyeM kaure [9, §4.2]. ITycThb

_ ~d d-1 1
m= Ck(d) + Ck(d—l) +...+ Ck(l)'
OnpezennuM 9HUCII0
_ ~d d-1 1
M) = Cry—1 T Crg—ny-1 T T Cey-1-
/
(d)

JlemMma 9. Ecau nocnedHee HeHynegoe ciazaemoe 8 d-pasnoxceruu Ma-
KoJlesl uucaa m He pasHo 1, mo (m— 1)<d> <mg-

V13 1eMMBI 2 BBITEKAET, UTO M, <M g, Opu m’ <m.

JokazartenbcTtBo. Ilycts k'(d), ..., k(1) — koabdunmentsr Maxoies
yucaa m — 1. CornacHo seMMe 2 umeeM k’(d) <k(d).Ecm k/(d) <k(d), To
nepBbii d-koadduuneHT Makores uncna m g, paseH k(d) —1, a mepsblii
d-xoaddunuent yucaa (m —1) 4 paseH k’(d) — 1 u TpeGyeMoe HepaBeH-
CTBO CJIelyeT U3 JIEMMEI 2.

I[Tycte k'(d) =k(d). Bamenum m Ha m’ =m — C,‘(i(d)
uHAyKnyeid mo d. HyXXHO JuIib TpoBepuTh, uro m’ — 1> 0. 10 cieny-
€T U3 TOTO, YTO B OTOHM CUTyalMH y uucia m 6ojee OJHOTO CIaraeMoro
B d-pasnoxxeHun Makosess OIMYHO OT Hy/IS U IOCTIefHee U3 HEeHYIeBhIX
ciaraeMsIx 6osbie 1. O

" BOCIIO/Ib3yEMCsA

Omnpezgenenue 14. Ilycts morne K 6eCKOHEYHO U P — HEKOTOPOE YCJIo-
BUe, 3aBUCAIIEE OT TOYKM KOHEYHOMEPHOTO BEKTOPHOTro K-TIpocTpaHcTBa
V. ByZieM roBOpuTh, YTO YCJIOBHE P BBHITIOIHEHO JJIS1 MOUKU 00Ue20 noJio-
JceHUs IPOCTPaHCTBa V, eciii IMeeTcs TaKoUW HeHy/IeBOM MHorouieH F Ha
MpoCTpaHCcTBe V, 4TO ycioBUe P BHIIOJHEHO BO BCEX TOYKaX MPOCTpaH-
ctBa V, rae F He obpaliiaeTcs B Hy/b.

Ecnu ycnoBus Pi, ..., P, BBHIIOJHEHBI AJIs1 TOYEK OOILETO MOJIOXKEHUS
mpocTpaHcTBa V, TO A TOYeK OOIIEro MOMOXKEHUS 3TU YCIOBUS BBITION-
HEHBI O[HOBpPEMEHHO. B caMoM Jiesie, B KayecTBe MHOTOWIeHa F Hazo pac-
CMOTpeTh [IpOU3BeleH1e MHOT'OWIEHOB Fy, ..., F,,.

Teopema 5 (M.TpuH, 1989). ITycmb K — beckoHeuHoe noJe, s € N
u A— cmandapmuan K-anzebpa. /[na kaxcdozo anemenma a € A, pac-
cmompum cmandapmuyio anzedbpy B=A/(a). Tozda ons anemenma a € A,
06we20 nonoxcenus umeem mecmo Hepaserncmeo dim B < (dim Ay) .
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HlokazarenbcTBo. I[Iycth M =max,c,, dim(aA;_,). Torma dim(aA;_,)=
=M pana aneMeHTa a € A; o0lero MOJIOKeHUsA. B camom Jese, paHT
onepatopa L,: A,_; — A, YMHOXXEHHUA HAa a paBeH MaKCUMAaJbHOMY IIO-
PAIKY OTJIMYHOTO OT HYJIA MUHOPa MaTPHUIIBI 3TOT'O OIlepaTopa.

Bocnonb3yeMcss nHAYKIMel 1o napameTpy min(s, dimA;). Ecmu s =1,
10 dimB; =dimA; — 1< (dimA;);y =dimA; — 1. Ecm dimA; =1, To
dim B, =0 g5 Bcex s > 1. [lanee mpexgnonaraeM, 4ro s >1 u dim A, > 1.

3adukcupyeM TakoM aneMeHT a € A;, uro dim(aA,_;) =M, 1 paccMoT-
PUM 37IEMEHT ¢ € A;, KOTOPHIIi He IPOMOPLUMOHANEH a U AJNA KOTOPOTO
dim(cA;_;) u dim(cB,_;) OZHOBpEMEHHO NPUHUMAIOT MaKCUMAaJIbHO BO3-
MOXKHBIe 3HaveHusA. fIcHo, uyro dim B, = dim(B,/cB,_;) + dimcB,_;. Ilo
npeznonoxenuto uuAykiuy dim(B;/cB,_;) < (dim By) ). OueHuM BTOpoe
ciaraemoe:

dim(cB,_;) = dim(cA,_1/(cA,_sNaA,_5)) <

< dim(CAs_l/aCAs_z) = dim(aAs_l/aCAs_z).
[MoceHee paBEHCTBO CIIpaBeINBO, Tak Kak dim(cA,_;) u dim(aA,_;) aB-
JITIOTCSA MAaKCUMaJbHO BO3MOXKHBIMU.

MOXKHO TaKKe CUMTaTh, YTO JJIA 3MeMeHTa ¢ 3HavyeHwe dim(acA,_,)
MaKcuMasibHO. PacemoTpuM uzean I ={x € A: ax =0} anre6psr A. DTOT
uzean ogHopozeH, u dpaxropanrebpa P =A/I cranzapTHa. PasMmepHOCTh
dim(aA,_;) coBmagaet c dim P,_;. [IpuMeHsIs Kk anrebpe P mpeAonoKeHue
WHAYKILIWH, TOTy4aeM

dim(aAs—l/aCAs—Z) = dim(Ps—l/CPs—l) <
s (dimPs_1)<s_1) == (dim(aAs_l))(s_1> == (dlmAs —dimBs)<S_1).

OKOHYAaTeNbHO NOTydIaeM
dim B, < (dim By) () + (dim A; — dim B;) (;_y).

Ocraercst [oKa3aTh CIeAyIomuil GaKT.

Jlemma 10. ITycmb 01 HAMYPANbHBIX Uucen s U h < m 8binosHeHo
nepasencmeo h <hy+ (m—h)_qy. Toeda h <my).

JoxkazarenbcTBo. PaccmoTpuM pasnoxeHue Makosea
— S 1
h=Ciy+ -+ Cy-

Byzem paccyzaath OT MpOTUBHOTO. ITycTh m ) <h. Toraa no remme 2 1mo-

AyqaeM m<C$ . +...+C} um—-h<Csi4+...+C°

k($)+1 k(1)+1 k(s) k(1) SHAYHUT,

-1 1
(m — h) (s—1) < Cli(s)—l +...+ Ck(Z)—l
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— 1
hiy =Ci_1t -+ Cry_1-

ITo ycnosuro
2 1
h<hg+m—h),_q < C,i(s) +...+Co T Cayr S h,

Y MBI TIOJIy9aeM IIPOTUBOPEYHE. O
Teopema 5 foka3aHa. O
Joxazamenvcmeo umnauxkayuu (1) = (3) 8 meopeme 3. Haunem co

BCIIOMOTaTEJIbHOTO YTBEPXKAEHUA.

Jemma 11. ITycmw k(s),..., k(1) — s-koagppuyuenmst Makones uuc-
aamu j=min{i: k(i) >1i}. Toeda

m® +k(1)+1, ecruj=1,
(m+1DY =
m' +1, ecau j > 1.
JoxkasarenscTBo. [Ipu j > 1 numeem
j j—1
m+1=C+...+Ch;+C,

OTKyZa cieZiyeT Tpebyemoe yTBepkaeHue. IlycTh j =1 u i — MaKCuMaJib-
HBIN UHZAEKC, A1 KoToporo k(i) =k(1) +i— 1. Toraa

i
— S i+1 r — S i+1 i
m= C'k(s) t..t+ Ck(i+1) +Z C'k(l)-ﬁ-r—l - Ck(s) +...t+ Ck(iJrl) + Ck(1)+i -L
r=1

3Ha4MT,

_ i+1 i
m+1=Cpy+-.. +Ciny +Craypi

SBJIIETCS S-pasjioykeHueM Makoness zyis m + 1, mockonmbky k(i + 1) >
> k(1) +1i. Torga

i
m(s) — CS+1 4+ .+ Ci+2 + Z Cr+1
r=1

k(s)+1 k(i+1)+1 kD+r

i+1

_ s+l i+2 r _

- Ck(s)+1 +...+ Ck(i+1)+1 +Z Ck(1)+r—1 -
r=2

_ s+l i+2 i+1

- Ck(s)+1 +..+ Ck(i+1)+1 + Ck(1)+i+1 —k(1)-1.

Haxkomneri,
(s) _ s+1 i+2 i+1 — 0 (s)
(m+1D¥ = Ck(s)+1+...+Ck(i+1)+1+C,<(D+i+1 =m"¥+k(1)+1. O
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TeH3opHO yMHOXas anrebpy A Ha 6eckoHeyHOe paciupenue noui K,
MBI MOXXEM CYMTaTh, YTO OCHOBHOe Iosie OecKOHeyHO. HarmoMHUM, 49TO
B—o5T10 dakropanrebpa A/(a), cHabKeHHas CTaHZAPTHOW TPagyHpOB-
KOH, rzje a € A; — 37IeMeHT, /11 KOTOPOT'o BBIIIOJIHEHO 3aKJIIoueHHe Teope-
MBI 5. YMHOXeHUE Ha a onpefiesisgeT JUHeHoe 0ToOpaxkeHue U3 A,_; B A;.
[TocKONBKY pa3MepHOCTb 06pa3a 3TOro OTOOPAKEHUST He IPEeBOCXOAUT
dim A,_,, umeet MecTo HepaBeHCTBO dim A; < dim A,_; +dim B,. Torza u3
TeopeMbl 5 cieayet, uto dim A; <dim A;_; + (dim A) ;). [Tyctb m =dim A,
u p=dim A;_,. Hazo nokasarb, 4TO U3 HEPABEHCTBA M < p + M,y CIeAyeT
HepaBeHCTBO m < p*~ 1. TTockonbKy

_ 1
m(s> = Cli(s)—l +...+ Ck(l)—l’
OJIy4aem
-1 1 0
p= C,i(s)_l +...+Co1 Ty
[Monoxkum j=min{i: k(i) =i}. Ecu j>1, T0 k(1)=0wn
-1 2 _
P =G+ +CEyy = m.

0 —

Ecnmu j =1, To, y4uTeIBas, 4TO Ck(l)_1 =

€M

P (Cld + o A Chpy  + DV =C + o+ Cly + k() - 1) + 1.

1, u npumenaa nreMmmy 11, nonyya-

Ho k(2) > k(1), moatomy p&~V >m.



§ 7. AnreOpa MHBapUAHTOB JIMHEWHBIX
Impeo6pa3oBaHUM

PaccMoTpuM JIMHENHBIH ontepaTop S Ha anrebpe MHOrowieHOB K[x;, ...
..., X1, OIIpe/ieIeHHbIH Ha 06pa3yIolIyX JUHEHHBIM TPpeo6pa3oBaHUEM:

S =apx;+...+aux, ..., SO) =apgx+...Fagx,
Y NIPOJOJDKAIOIINIICA Ha IPOU3BOJIbHBIN MHOT'OWIEH 110 IIPaBUILY
(S(f))(x17 (RS} Xn) = f(S(X1), [XE3) S(xn))'

Omnepatop S yaosneTBopsieT yeaoBuio S(fh) =S(f)S(h) ans mobeix f,he
€Kl[xy, ..., x,]. Byaem cuutaTh, uTO NpeobpasoBaHue S obpamumo, T.e€.
CylllecTByeT TaKoe JHHeiHoe mpeobpasoBaHue S~ !, YTO KOMIOSHIUM
SoS™! u S7'oS ompexenaioT ToxJecTBEHHOe Ipeobpa3oBaHKe. SICHO,
YTO MHOXKECTBO OOPATHMBIX JMHEHHBIX MpeoOpa3oBaHUi MepEMEeHHBIX
X1, +-., X, 0OpasyeT IPyIIy OTHOCUTENBHO ONEPAIK KoMIo3uuu. boree
TOT0, COTIOCTAB/IEHUE IIPe0OPa30OBaHMI0 S MaTPHIbI (a;;) MO3BOJIAET OTOX-
JECTBUTb TPYIIYy OOpaTUMBIX JMHEHHBIX IIpeobpa3oBaHUil C TPYIIOH
obpatumbix Mmatpurl GL, (K).

Omnpepesnenue 15. ByaeMm roBoputh, 4To MHOrowieH F(xq, ..., X,) UH-
8apuaHmeH OTHOCUTENbHO MpeobpasoBanud S, eciu F(S(x;), ..., S(x,)) =
=F (X1, -0 Xp).

ITpumep 8. PaccmoTpum npeobpazoBanue S(x;) =Xy, S(x5) =X3, ...,
S(x,_1) =x,, S(x,) =x;. Toraa MHOTOWIEH X; + X, + ... + X, NHBapHUaHTeH
OTHOCHTENBHO S, @ X1 + X3 + ... + X" — HeT.

MOXXHO TaKXe paccMaTpUBaTh MHOXXECTBO OOPATHMBIX JIHHEWHBIX
npeobpasoBanuii C =4S, : w €N}, rae ) — HEKOTOPOe MHOXKECTBO HH-
JIeKCOB, ¥ MHOXECTBO BCeX MHorowieHoB K[x, ..., X,]1¢, MHBapUaHTHBIX
OTHOCUTEIbHO ITpeobpaszoBanuii us C. fcHo, uto K[x, ..., X,]¢ copepxur
KOHCTAHTHI U 3aMKHYTO OTHOCHUTENHHO CJIOXKEHUS UM YMHOXEeHUS MHOTO-
4eHoB, T.e. K[xy, ..., x,]¢ —noganre6pa B K[x, ..., x,]. Boree Toro,
ecnu G —noarpynna B GL, (K), mopoxeHHas aMeMeHTaMy MHOXXecTBa
C, o K[xy, ..., X, 1 =K[xq, ..., x,1¢.

OcHOBHasa 3ajaya TeopUM HHBaApUaHTOB. Ilycte G — moarpymnmna
B GL, (K). OnumuTe anre6py MHBapuaHToB K[xq, ..., X,1°.

3azaya 30. JlokaxwuTte, 4To B rpytie GL, (K) HeT moArpymisl, aarebpa
WHBapUaHTOB KOTOPOH coBmnagaetT ¢ K[xy, x;X5].
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IIpumep 9. Ilyctb G = S, —rpynna IepecTaHOBOK, JeHCTByrolas
JIMHEUHBIMU TIpeoOpa3oBaHUAMU TMEPEMEHHBIX X1, ..., X, IO Qopmyne
T(X;) = X;(;) Al KQKION IIepecTaHoBKU T € S,,. HanoMHuM, 4TO MHOTro-
uieH F(xy, ..., X,) Ha3bIBAETCA CUMMEMPUUECKUM, €CTTA F (X (1), +oy X)) =
=F(xy, ..., X,) A7 KOXKJO! IepecTaHOBKU T € S,,, WIH, APYyTUMU CIOBaMH,
F(xy, ..., X,) ABNsAeTCA S,-UHBapUAHTHBIM. PacCMOTpPUM Habop MHOTOWIE-
HOB

01 =X1+X9+ ...+ Xy,

Oy = X1Xg+X1X3+ ... +X,_1Xp,

On = X1Xg...Xp.
SIcHO, YTO 3TM MHOTOWIEHBI SIBJIAIOTCA CUMMETPHUYECKUMU. VX Ha3bl-
BAaIOT 3JleMEHMAPHbIMU CUMMETPUYECKUMU MHOrowieHamu. OCHOBHas
TeopeMa O CUMMETPUYECKHUX MHOTOWIEHAX YTBEPXK/IAET, UTO JJI KaXKA0T0
CUMMeTpUYecKoro MHorowreHa F(xy, ..., X,) CyIIeCTByeT eJUHCTBEHHBIN
Takol MHorowrieHd H(y, ..., ¥,), 910 F(xy, ..., x,) =H (o4, ..., 0,); cM. [3,
1. 3, § 8]. Tem cambiMm, anre6pa K[xy, ..., xn]sn CBOOOZHO TIOPOXKAAETCS
3JIeMeHTapHbBIMUA CUMMEeTPUYECKUMU MHOTOWIEHAMU.

IIpumep 10. Ilycts G —rpymnmna nopsAgka 2, COCTOAILasd U3 TOXJIe-

CTBEHHOTO IMpeo6pa3oBaHUA M MPeo6PasoBaAHUA X] — —Xq, ..., X, — —X,.
Tloz AieficTBHEM TaKOTO NpeoGPa3oBaHMs OAHOWIEH X} X7 ... Xy YMHOXa-
erca Ha (—1)uHet*h TTosTomy MHOrOwIeH F(xy, ..., X,) HHBapUAHTEH

TOrZJa U TOJBKO TOTZAA, KOTZAa CyMMa IIOKasaTejeil cTelmeHell KaXZoro
BXO/ISIIIETO B HET'O OZHOWIEHA YeTHa. DTO JOKA3bIBAET, UTO anrebpa MHBa-
PHAHTOB IOPOXKAAETCS JEMEHTAMH X2, X2, ..., X2, X1Xg, X1X3, ..., Xp_1Xp.

3ameuanue 1. B npezplayineM IprMepe Mbl HEABHO IIpeAlionaraiy,
yTo —1# 1 B niosie K. 3TO ycjIOBHe BHITIOTHEHO He Bcerza. 3aMeTHUM, UYTO
COIVIaCHO OIpeZiesieHuIo nose K coAepKUT a/IeMeHT 1, a 3HaYUT U /IeMeH-
TBl 1+ ... + 1. ToBOpAT, 4TO mone K MMeeT Hy/negyo Xxapakmepucmuky,
ecma 14 ...+ 1 (n pa3) He paBHO HYJIO I J060r0 HATYPAJIBHOTO M.
JTO yCJIOBYE PaBHOCWIBHO TOMY, 4TO Ioz1ose B K, mopoxgeHHoe 1, MOX-
HO OTOXZECTBUTH C II0JIeM pallMOHaJIbHBIX yuces. Hanpumep, nona Q, R
1 C UMeIOT HyJIEBYIO XapaKTEPUCTUKY. B ciydae, Korja cymMMa p €JWHMUI]
niond K paBHa HyJIO ¥ p — HauMeHblllee HaTypajabHOe YKCJIO C ITUM CBOM-
CTBOM, T'OBODAT, 4TO nose K umeeT xapakmepucmuky p. YATaTeN b JETKO
IIPOBEPUT, YTO YUCJIO P ABJIALTCA IIPOCTHIM. YCI0BUe —1 =1 paBHOCWIBLHO
TOMY, YTO XapaKTepUCTUKA 10/ PaBHA ABYM.

Ynpaxnenue 18. TIpuBeauTe mpruMep GECKOHEYHOT'O IMOJIA XapaKTe-
PHUCTHKYU p AJIA TF060r0 IPOCTOro Yucia p.
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Bciopy panee mbl mpeznosnaraeM, 4To K — Iosie HyJIeBON XapakTepu-
CTHUKU.

Teopema 6. IIycms G C GL, (K) — koHeuHas nodepynna. Tozda anee6-
pa uneapuanmos K[x, ..., x,1¢ koneuro nopoxdena.

Mgl IpuBezieM /IBa Pa3IUYHBIX J0Ka3aTeJlbCTBa TeopeMbl 6 (TpeThbe co-
JepXUTcsA B YKa3aHUM K 3azade 37). B mepBoM [oKa3aTenlbCTBE, BOCXO-
aamem K /. Tuib6epTy, KOHeYHas MOPOKAEHHOCTb aire6psl MHBapHUaH-
TOB BBIBOAUTCS U3 KOHEYHOU MTOPOXK/IEHHOCTH ITOIMTHOMUAIBHOTO HZeaa.
BTopoe pokasaTenbcTBO npuHaAIexUT J. HéTep. OHO OCHOBaHO Ha OC-
HOBHOU TeopeMe 0 CUMMeTPUYeCKUX MHOTOWIeHAaX U JA0CTaBJAET OLleHKY
CBepXy Ha CTeIleH! MOPOXKJAIOIIUX.

JoxkaszaTtenbcTtBo 1. Paccmorpum otobpakenue P: Klxy, ..., x,] —
—K[xq, ..., x,]:
1
P(FQxy, - X)) = 15 SXC;F(S(xl), s S06)).
€

Hec0:XHO TIPOBEPUTS, UTO A1 JI0ObIX F, H €K[xy, ..., x,] 1 f €K[xy, ...
..., X,,]1¢ BEITIONHEHHI CJIeZYIOIME CBOICTBA:

P(F+H)=P(F)+P(H), P(F)e€K[xy,...,x,1,
P(f)=f, P(fF)=fP(F).

B uactHOCTH, P mpoextupyeT K[xi,...,X,] Ha K[xi,...,x,]°. B cury
JIMHEMHOCTH Tpeobpa3oBaHuii U3 IPYMIbl G €CIM MHOTOWIEH f (X1, ..., X;)
WHBAapHUaHTeH, TO UMHBApUAHTHA U KaXKJasd ero OZHOpOAHAas KOMIIOHEH-
ta. Ilycte [ —ugean B Klxy, ..., X,], TOPOXJEHHBEII BCEMU OJHOPOZA-
HBIMHM MHBAapUAHTAMU IIOJIOXKUTEIbHOU cTermeHU. Kak M KaxZAbld nzeast

B Kl[xy,...,x,], ngean I mopoxzAeH KOHEYHBIM YHCIOM MHOTOWIEHOB
fis +-es fs- OTH MHOTOWIEHBI MOXXHO CYWUTATh OZHOPOAZHBIMH WHBapHUaH-
TaMHU.

YTBepKAaeTcs, YTO MHOTOWIEHH fi, ..., f; IOPOXKAAIOT aarebpy MHBa-
puaHToB. YTOOH B 3TOM yOEAUTHCA, JOCTATOYHO A0KA3aTh, YTO KaXKABIM
OJTHOPOJHBIM MHBApHAHT f BBIpaXKaeTcs uepes fi, ..., f;. [IpoBeeM UHAYK-
IIUIO 110 CTEIIeHU M WHBapuaHTa f. B ciydae m =0 MHOTOWIeH f ABIAeTCA
KOHCTaHTOM U Hallle yTBepXJeHue cipasBeAauBo. [Ipu m > 0 MHOrowieH
f mpuHaznexxut I U UMeeT MecTo mpefcTaBieHue f =h;f; + ...+ h,f,,
hi...,hy €Klxy, ..., x,]. [IpuMeHUB TIpoekTOp P K 06euM 4YacTAM IIpea-
craBnenus, nonyauM f =P (f)=P(h;) f; +... + P(h,) f,. [TockonbKy cTemne-
HU f; IOJIOXKUTEJIBHEL, CTelIeH! OZHOPOAHBIX MHBApHUaHTOB P(h;) MeHbIIe
m ¥ IO TpeAIoIoKeHNo UHAYKIMU P(h;) BeIpakawTcsa depes fi, ..., f;-
3HauuT, U f BEIpaXKaeTcd 4epes fi, ..., fi. O



38 § 7. Anrebpa MHBapHaHTOB JIMHEHHEIX IPe0bpa3oBaHU

JlokazaTtenbcTBO 2. 37eCh [JIs YIPOIIEHUS H3JIOKEHUS MBI OyzeM
npeanonarath, 4To K = C. Ham moTpebyeTcs BCIIOMOTraTelbHOE MPEAJIO-
JKEeHHe.

ITpepnoxenne 4. [Tycms f(xq, ..., X,,) — 00HOPOOHDLI MHOZ0WNEH CTie-
neHu m ¢ KommniekcHolmu koddduuuenmamu. Tozda ons HeKomopozo Ha-

mypanbrozo k Haildymcs makue JiuHeliHble MHO20UNeHbL L ;= Z a;x;, j=
=1,...,k, a;€C, umo =1
flxq, e, x) = LT+ + LY

Jloka3zarenbcTBO. PaccMoTpuM ciiydaii n = 2. Beaucisasa Koabouiy-
€HTHI [TPH IToMoIy 6rHOMa HbIOTOHA M UCIIONB3YA OIIpeAeUTeNb Banaep-
MOH/a, JIETKO I0Ka3aTh, 9YTO MHOTOWIEHBI X', (X1 +X2)™, ..., (X7 +mxy)™
JIMHEMHO He3aBHUCUMBI U, C/IeZIoBaTENbHO, 06pasytoT 6a3uc MpocTpaHCTBa
OZTHOPOJAHBIX MHOTOWIEHOB CTEIIEHU M OT ITePEMEHHBIX X1 U Xy. ITO O3HAa-
YaeT, 4TO /I [IPOU3BOJIBHOIO OZHOPOAHOT0 MHOTOWIeHa f (X7, X;) CTele-

HU M HaWAYTCA TaKue KOMIUIEKCHBIE YUCIA A, ..., Ay, YTO
Flxy, x3) = apx]"+...+ay, (0 +mx)™ = (Boxy)™ +... + (B (xx; +mx))™,
rae B =a;.

Ilpu n > 2 Gygem BECTH MHAYKIMIO IO n. [lOCTaTOYHO /AOKasaTs,
4TO MI0GOM OZHOWIEH X['X:.. X" cremenn m IPeJCTaBUM B HY)XHOM
HaMm BuZe. MOXHO CYMTaTh, 4TO i; = 1. [0 MpEANONOKEHUIO UHAYKIINN
OZTHOWIEH xéz...x,i” IIpeICTaBUM B BH/JE M{n_il + ...+ M,T_il, rae M; —
JIMHEWHble MHOTOWIEHE! OT Xy, ..., X,. OCTaeTCs 3aMeTUTb, YTO, BHOBB I10
[IPEIONOKEHUI0 MHAYKINY, MHOTOWIEH xilM]'T‘_il IpeJCTaBUM B BHJE
CYMMBI M-X CTeneHeld IMHEHHBIX MHOTOWIEHOB OT X1 U M;. O

Ilycte Temeps f(xy, ..., X,) = LT + ... + L' — yKazaHHOe TIpeACTaBie-
HUe OZHOPOZHOTO WHBapuaHTa f. [IpUMeHAA K 3TOMY IpeZACTaBIEHHUIO
oToOpaskeHHe P, MBI TIOJly4aeM, 4To f eCTh CyMMa BBIpaKeHUI BUA

L (xy, ..., ZL (S(xp), ..., SGx))™.
j ~ 16l
SeG
[Tockonbky MHOrowreH Y™ + ...+ Y™ (s =|G|) ABngeTca cuMMeTpH-
YeCKMM MHOTOWIEHOM OT Y7, ..., Y, ero0 MOXXHO BBIPa3UTh 4epe3 aJIeMeH-
TapHble CHUMMETpPUYECKMe MHOTOWIEHH OT Yi,...,Y;. DTO NOKa3bIBaer,
YTO L;m) (x1, ..., X,) BBIpQXKAeTcs yepe3 yleMeHTapHble CUMMeTpUYecKue
MHOT'OWIEHBI OT Lj(S(xl), ...,S(x,)), KOTOpBIE ABIAIOTCA OZHOPOJAHBIMU
WHBapUaHTaMU CTeNeHU He Bhimie |G|. [IpoCcTPaHCTBO MHOTOWIEHOB OT
X{, ..., X, CTelleHu He BbiIe |G| KOHEYHOMEDHO, U 000 6a3uc moj-
MPOCTPAHCTBA MHBAPUAHTOB B 3TOM IIPOCTPAHCTBE ABJISETCA KOHEYHOU
cucteMoi nopoxzaatouux s Clxy, ..., xn]G. O
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CrnegcrBue 1. ITycms G C GL,(C) — koHeuHasi nodzpynna. Tozda an-
2ebpa C[xy, ..., X, 16 nopoxcdaemca uneapuanmamu cmenenu He eviuue |G|.

OTO C/leICTBYE MO3BOIAET MOTYYUTh IIPOCTOM (HO YacTO OYEHDb TPYAO-
e€MKWI) ajJrOpuTM /JIsl TIOCTPOEHUA KOHEYHOU CHUCTEeMBl TOPOXKZAIOIINX
anre6pbl ”THBAPUAHTOB KOHEYHOM IpyNIbl G: HYKHO B3SITh BCE OZTHOWIEHBI
OT X1, ..., X, CTEIIEHU He BhIlIe |G| 1 IPUMEHUTH K HUM IIPOEKTOp P.

3agada 31. Ilycte G — xoHeuHas noarpymnmna B GL,(C). Jokaxure,
YTO 3/IeMEeHTHI

PO P, iy +iy+...+i, < |G,
nopoxzator anrebpy C[xy, ..., x,]1°.

3azada 32. J[okaxuTe, YTO CJIeZICTBHE 1 ClipaBeAIMBO Ha/ JTFOOBIM TI0-
JIeM HYJIEBOU XapaKTEePUCTUKHU.

3azaya 33. Ilyctb A, C S, — noArpymnina 4eTHbIX IlepecTaHOBOK. Haii-
auTe obpasyromue anre6pel MHBapuaHToB KX, ..., X, ]%.

3agaua 34. Ilycte K=C u ¢ € C — nepBoobpa3sHblii KOpeHb CTEMIEHU
n U3 eIUHUILIBL. PaccMoTpuM rpynny G, MOpoXKIeHHYI0 Tpeobpa3oBaHreM
x; — £kxy, X, — €5x,, 1<k <n— 1. Haifzure o6pasyiomue anre6ps HHBA-
puanToB C[x;, x,]°.

3azgaua 35. IIycte K=C u ¢ € C— nepBoobOpasHbIil KOPEeHb CTENEHU
n U3 efUHULBL. PaccmoTpuM rpynny G, MOPOXKIEHHYIO Ipeobpa3oBaHueM
x; — €5x7, x5 — £7¥x,, 1<k <n— 1. Haiiure o6pasyromue aire6phl MH-
BapuaHToB C[x;, x,]°.

3azauya 36. ITycte K=R u G — rpynmna TpeTbero nopszaKa, IopoxaeH-
Had npeobpa3oBaHUeM
1

_XZ‘

3
5 X1—5

1 V3
x1—>——x1+—x2, x2—>— P

2 2

HaiiauTe obpasyromue anre6psl MHBapuaHToB R[x;, x5]¢.

3azada 37. Ilyctb K — 11osie MOJMIOKUTEIbHOMN XapaKTepUCTUKU U G C
C GL,,(K) — xoHeuyHas moArpymma. JJokaKuTe, 4To ajre6pa MHBApHaHTOB
K[x1, ..., X,]° KOHEUHO HOpPOXKAEHA. BepHO /11, 9TO OHA OPOXKAAETCA UH-
BapuaHTaMU CTeNeHU He Beiie |G|?

3agmaua 38. IlpeamosnoxkuM, 4TO KOHeuHad rpymnmna G coBIajaeT co
CBOUM KOMMYyTaHTOM. [lokaxkuTe, 4To K[Xx;, ...,xn]G ecThb anrebpa ¢ of-
HO3HAYHBIM pasyioKeHHeM Ha MPOCThle MHOXKUTENMH. BepHOo i o6paTHOe
yTBep:KAeHue?



§ 8. ®opmyna MonuHa

[Mockonbky rpynna G € GL,(K) gefictByeT Ha Kl[xq, ..., x,] 1uHel-
HBIMM 3aMeHaMU MepeMEHHBIX, OHA COXpaHIeT MHBAapPUAHTHOU KaXKIYIO
KOMITOHEHTY anre6psl K[x;, ..., X,,] OTHOCUTENBHO CTAHAAPTHOM TPafyH-
posku. CresoBaTenbHo, K[xy, ..., x,]¢ ABIgeTca ofHOpOAHOMN MoAanre6-
poii B K[xy, ..., X,]. B 3ToM maparpade Mbl IOTyIUM IBHYIO GOPMYITY IS
paza Ilyankape sToil moganre6psl. ByzeM mpexnonarars, YTO OCHOBHOE
nosie K sBisiercs mosneM C KOMIUIEKCHBIX YHCel.

Teopema 7 (®. 3. Monus, 1897). ITycms G C GL,(K) — koHeuHas noo-
epynna. Tozda

61§ _ 1
P(KIxy, s 5,090 = 1 ;det(E_tg).
&

Joka3zarenbcTBO. [lycTh g, — JIMHENWHBIM ollepaTop, UHAYLIMPOBaH-
HbIN ameMmeHToM g € GL,(K) Ha xommoHeHTe K[x, ..., X1, [IOCKOIBKY
1

iG] > gm — 270 mpoeKTop u3 K[xy, ..., X,1,, Ha K[X1, ..., xn],fl, nuMeeM

geG

1 1 ;
tr(ﬁ ng) =1 Ztr(gm) = dimK[x,, ..., x,]¢.
geG gEG

Kak asieMeHT KOHEYHOU T'PYIIIIHI, OIlepaTop § UMeeT KOHEYHBIA MOPSJ0K,
HO3TOMY OH aHHY/JIMpyeTCs HEeKOTOpPhIM MHOrowieHoM Buza x" — 1. 3Ha-
4UT, MUHMMAaIbHBEIM MHOTOWIEH onepatopa g AeiuT xV — 1. Takue MHOTo-
YIeHBl He UMEIOT KPaTHbIX KOPDHEH, CJIeZIoBaTeNbHO, ONEpAaTOp g AUaroHa-
au3upyeM. MOXKHO CYMTaTh, UTO Xq, ..., X;, — COOCTBEHHBIE BEKTOPHI JJIs
g, OTBEYAoLMe COOCTBEHHBIM 3HAUYEHUAM A1, ..., A,. Toraa KaXaelii of-
HOWIEH xil...x,ll" TaKKe ABJIAETCA COOCTBEHHBIM BEKTOPOM, OTBEYAIOIINM
COOCTBEHHOMY 3HAYEHUIO 7L111...7L§{1. [ToaTtomy crex omepartopa g, paBeH

CyMMe BCexX 7L111...7L:1", JJIA KOTOPBIX i1 + ... +1, =m. OKOHYaTeJIbHO IOJIy-
yaeMm

D (gt = A At + 220+ ) A4 At + A2+ ) =
m=0
_ 1 1
T (A-tA)...(1—tA,) ~ det(E-tg)’

u

PRDX, o0y 1% 0 = Y dimK[xy, ..y x,]6" = 0

PN
= |G| ~ det(E —tg)
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3ameyanue 2. Bosnee obmuii BapuaHT GopMysbl MoirHa TO3BOJSAET
BBIUUC/IATh KPaTHOCTb BXOXKAEHUA JaHHOT'O HEIPUBOAVMOI'O IIpeZCcTaB-
JleHusa rpynnbl G B KOMIOHEHTH anrebpsl K[x, ..., x,]; cM. [19, Teo-
pema 2.1]. UuraTesb MOXET caM JOKa3aTb 3TO 00OOIIEeHHe, UCIIONb3Ys
COOTHOILIEHUA OPTOTOHAJBHOCTU AJIA XapaKTepPOB KOHEYHBIX T'PymI [3,
1. 11, § 4, reopema 3].

3azada 39. Jloxaxkute, uTo popmyaa MosmrHa BepHa HaZ JOOBIM TI0-
seM K Hy/leBOW XapaKTepPUCTUKH.

B HEKOTOPBIX CUTYaIUsX TeopeMa 7 IO3BOJIAET JOKA3bIBATh, YTO JAH-
HbI Ha6Op MHBApUAHTOB IOpoXkAaeT anrebpy K[xy, ..., x,]1¢. Jna storo
ZOCTATOYHO IIPOBEPUTH, 4TO paz IlyaHkape moganre6phl, MOPOXAEHHON
5TMMU MHBapMaHTaMu, coBnazgaet ¢ P(K[xy, ..., x,1%, t).

IMpumep 11. Ilycts moarpynmna G C GL,(K) cocTouT U3 4eThIpex MaT-
pHIL:

_ (10 _( 01 2o (-1 0 3 (0 -1
(o 2) m= (2 0) =(T0 5) =1 0)
Torza

P(K[xlg XZ]G: t) =

1 1 1 1 1 _
T4 (det(E— tE) + det(E —tM) + det(E —tM?) + det(E - r_M?’)) N

_1 1 2 1 _ 1+
- 4((1—02 + 1+t2+ (1+t)2) T A-)A-tY’

2132 f 2020 — 43
Hepr§[Ho 3aMeTUTb, YTO MHOTOWIEHBI f; = X5 + X5, fo =xi{x; m h=x7x, —
— X1X; WHBapUaHTHEBI, IpUYeM f; U f, anre6paudecKd He3aBUCHMBL.
IIycTh

Fi1(f1, f2) +hEy(f1, f2) = 0.

CrenaeM 3aMeHy X; — —Xp, Xg — Xy. Toraa Fy(f, fo) — hFy(fi, f5) =0 u
F,(f1, f5) =F,(f1, f,) =0. 3HauuT, noanpoctpancTBa K[ f;, fo] u hK[ f1, f5]
obpazyroT mpaMyro cymmy. Ho psiz [TyaHKape Tako# MpAMOUM CyMMBbI COB-
nazgaet ¢ P(K[x, X519, t), moatomy f;, f, 1 h IOpOXAaIOT anre6py UHBa-
PHAHTOB.

IMpumep 12. YkaxeM ogHO IprioxkeHre dpopmyssl MonrHa K 3a7a4am
KOMIUIEKCHOT'O aHaiu3a. JTOT IpuMep, KaK U IpeAbIAyIINi, 3aIMCTBOBaH
u3 paboret [19]. ITycTh TpebyeTcss BEIYUCIUTD CyMMY

sw= Y. m

wk=1,w#1
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PaccMOTpUM ITUKIWYECKYTO I'pyminy G MOpSAAKa k, MOPOXKAEHHYIO Mpeobpa-

30BAHUEM X] — £X1, Xy — € Xy, T/Ie € — IePBOO6GPA3HbIN KOPEHb CTETEHN
k u3 egunuiel. Toraa

Gy 1 1

PCl,al0=% 2, d-woa—mo

weC, wk=1

u S(k) :}irrll(kP((C[xl, x,19,1) ) C ApyTo# CTOPOHBI,

1
1-02

k-1
i i k Lk
Clxy, x,1¢ = @ x1x,Cx7, x5]
i=0

G . 12+t 4. 2
P((C[xla x2] :t) - (1—tk)2

Vicnonb3ys npasuiio JlonuTaisd, IomydaeM

Sk = kA4 4+t D) (A4t kD)2 _e@®]
B (1-602QA+t+...4+1)2 o1 YOle=1
(k=1Dk(4k—5) (k=2)(k=Dk | k*(k=1)2
AT —Z(k R ) k-1
T =1 2k? - 12

3agzaua 40. Beruuciure cymmy

1
Sy(k) = Z Tow

wk=1,w#1
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[Tyctp K — 1osie HyJeBOM XapaKTepUCTUKU. PaccMOTpUM BeKTOpHOe
IIPOCTPAHCTBO

Vi=V,eV,®...8V, (9 craraemnix),

rae Kaxzoe V, — 5To ZIByMepHOe apudMeTHdecKoe IpocTpaHcTBo K2 ¢ Ko-
opauHaramu (x;, ¥;), 1<i<9. Tem cambM anrebpa MmHorowieHoB K[V]
Ha npoctpaHcTBe V ecthb anrebpa K[xq, yi, ..., Xo, ¥ol. [IycTb G, = (K, +)
urpynna Go =G, x G, X ... X G, (9 MHOXHUTeIel) AeHCTBYeT Ha IPOCTPaH-
cTBe V Kak Xx; — X; +¢;Y;, ¥; — ¥; A1 Bcex (Cq, ..., Cg) € Gg.

3azaua 41. [JokaxuTe, 4TO ajrebpa MHBAapUAHTOB

9
K[Xl7 .)’1: ceey x97 .)’9]G“
coBmazaet ¢ noganrebpoit K[y, ..., Yol

9
3adukcupyem Habop (ay, ..., dq), TAe ; €K, a; 7#a; IpUi#j U dia;#
i=1
#0. PaccmoTpum B Gz noarpymmy G = Gg, 3a/IaHHYIO YCIOBUAMU

9 9 9
Zci =0, Zaici =0, Zafei =0.
i=1 i=1 i=1

[TIycte H = GT — pacumiupeHue rpynnsl G pyu noMoiny rpynmnsl T npe-
obpasoBaHU# BUAA X; — t;X;, ¥; — t;¥;, TOE tq, ty, ..., tg — MIPOU3BOIHHEIE
aneMeHTHI oA K, 711 KOTOPBIX t1t,...tg=1. I'pynnsl G u H peanusyrooTca
Marpuniamu 18 x 18:

1 0
( o 0
G == { b
1 0
0 co 1
t; 0
tic; 4 0
H =/
te 0
0 toCy fg
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Teopema 8 (M. Harara, P. Cteiin6epr). Anzebpa uneapuarnmos K[V]H
He S8J11eMCsl KOHEUHO NOPONCOeHHOLL.

Pa3obbeM /I0Ka3aTENbCTBO TEOPEMBI 8 Ha HECKOIBKO JIeMM. [10/I0KUM
Yi=y1Y..You

. 0 9 3.
Z ;:inyl...j/i...yg = Z%, Zy 3=Z%’ Z3 :=Zai;ly'

i=1 i=1 i=1 i=1

fAcuo,uro Y, Z1, Z,, Z; €K[V].
Jlemma 12. Cnpasednuent sxntouenus Y, Zy, Zy, Zs € K[V]H.

Jloka3aTejabcTBO. JloCTaTOYHO 3aMeTHUTh, YTO

Y = (t1y1) (62)0) ... (EoYo) = (t1ts...te) (V1Y2---Yo) =Y
9

Zl_)z(fx‘i;;fyl)Y 291:%4—(261')1/:21;

i= i=1

9 9
a;(tx; + et y)Y ax;Y — 7.
Zy — E 0 E v +(E aici)Y_ZZ:

i=1

a(tx +cit; )Y 2 a Y 2 3
Z3—>Z o =27 +(Zl Y=2,. O
JlemMma 13. Hmeem mecmo pageHcmao

K[VIY = K[VINKI[Z,, Z,, Z5,Y, Y 11.

JoxkasaTtenbcTBo. 'pynmbl G 1 H ecTeCTBEHHO AEMCTBYIOT Ha anrebpe

-1 XY -1
A:=KI[X1, ..., X9, Y1, --+» Y9, Y . [lonoxxum W; := A Torma x; =y,W,;Y -,
[TO3TOMY '
A= K[W17 WZ: WB: Xg5 +005X95 Y15 -+ Y95 Y_l]'

Janee, Z, = Z W, Z,= Z a;W;, Zy= Z a’W,. [lepeHyMepOBaB 2/I€MEHTbI

i=1 i=1
i, ..., dg, MOKHO CIUTATD, YTO OHPEL[EBJII/ITCIIB
1 1 1
a; a4y az | =(ay—aj)(laz—ay)(as—ay)(a; +ay+as)
3 3 .3
a; a; 4as

oTinyeH oT Hynd. Torga Wi, W, u W3 MOXXHO BBIpasuTh Kak JIMHEUHbIE
byHKIMY OT Z1, Zo, Z3, Wy, ..., Wy. DTO ITOKA3bIBAET, YTO

A:K[ZI,ZZ,Z3,X4,...,Xg,yl,...,yg, Y_l]. (3)
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PacemoTtpum noarpynmy G4 C G, 3aZlaHHYIO YCJIOBUAMMU Cs = ... = Cg = 0.
BHOBB B CWIy YCJIOBHS Ha OIpeZeuTendb A moboro ¢, € K Halizercs
POBHO OAMH Takoi Habop (cq, Cy, C3), UTO (Cq, Cy, C3,C4, 0, ..., 0) € G. Bee
obpasyiomive anrebpsl A U3 cooTHolIeHUs (3), 3a UCKIIOYEHUEM X,, HE
U3MEeHAIOTCA TOA AelicTBUeM Gy, TOTZAA KaK X4 — X4 + C4Y4. DTO IOKa-
3BIBAET, 9TO 2MeMeHT F(Z1, Zy, Z3, X4, .vy Xg, Y1, -, Yo, Y 1) € A ABNACTCA
G4-VHBapHaHTHBIM TOIZ]a U TOIBKO TOTZA, KOIZIa OH He 3aBUCHUT OT X4. Pac-
cMmaTpuBad Gs, ..., Gg, MBI ITIOKaXXeM, YTOo G-UHBApHUaHThHl He 3aBUCAT TaK-
Xe OT Xs, ..., Xg. C APYroil CTOPOHBI, JME€MEHTHL Zq, Zo, Z3, Y1, .-+, Yo, y!

ABNAI0TCA G-WHBAPUAHTHBIME, H03ToMY A® =K[Z;, Z5, Z3, Y1, +.vr Yo, Y 1.

dy dy ds b by rrr—
JneMeHT (ty, ..., tg) €T yMHOKAET OAHOWIEH Z1'Z,*Z° yit... Yy (Y )¢ Ha

b,—c byg—c o
6 oty Takoi1 ogHOWIeH T-UHBapUaHTEeH B TOYHOCTU TOIZA, KOrZa
b, =...=by, nosTomy A =K[Z,, Z,, Z5, Y, Y~']. HakoHell, U3 BKITIOYEHHUS
K[V] C A cnenyert, uto K[V]? =K[V]nAF. O

Jlemma 14. Onemenmvl Zq,7Z5,75,Y € K[V] anzebpauuecku Hesasu-
CUMBbL.

JoxaszaTtenbcTBo. Ilyctb B:=K[xq, ..., Xg] — anrebpa MHOTOWIEHOB
HaJ MoJIeM palUoOHANbHBIX Apobeit K :=K(y;, ..., o). [1o mocTpoeHuIo
JMEMEHTH Xq, ..., X9 JTOU anrebpbl anrebpamdecKd HE3aBUCHUMEL. 3a-

x;Y Y
MmeTuMm, yto W, = J’/— OT/INYaeTCA OT X; Ha KOHCTaHTY % € K, moatoMmy
i i

1

aneMeHTsl Wy, W, Ws, Xy, ..., Xo anrebpandecku He3aBucuMEl Haz K. [la-
Jiee, OCKOIbKY Habopel {Wq, Wy, W, Xy, ..., Xot Y {Z1, Z9, Z3, X4, .., Xo}
TTOJTYYaIOTCS APYT U3 Apyra o6patuMoit K-THHEHHON 3aMeHOH, 3/1IeMEeHThI
Z4,Z9,7Z3,Xy4, ..., Xg (2 3HAUUT, U Z;, Z,, Z3) anrebpandecKl HE3aBUCUMBI
Hazx K.

[TycTe Tenephb

iy iy i
F(Zy,2y,25,Y) = Z fiNZhz2zs = o.
I=(iy,12,13)
Torga f;(Y) ABAAIOTCS HyJIEBBIMU 3JIeMEHTaMU 10 K, ¥ TO3TOMY MHOTO-
uneH F HyneBOH. O
Jlemma 15. Mmeem mecmo pageHcmeo

f'(Zh ZZ: Z3)
H __ 2 J
K[V] - . ij >
J

20e f; — 00HOpOOHbLi MHOZOWNEH OM Z1, Z5, Z3, KOMOPbLil Oeumcs Ha Y™
8 anzebpe K[V].
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JlokasarenbcrBo. [lo semme 13 mo6oii MHOorowreH F € K[V]H ume-

fj(Zl’ ZZ! ZB)
€T BUJ Z T, rae MHOI'OWIEeH f} MOXHO CYHUTAaTb OAHOPOAHBIMU

CTeleHu dj 1o Z,, Z,, Z3. HaM Hy>XHO II0Ka3aTsk, 4TO f] (Z1, Zy, Z3) penntcsa
Ha Y™ B K[V]. MOXXHO CUMTaTh, YTO MHOTOWIEH F AB/IAETCA OAHOPOAHBIM

cTeleHU d 10 COBOKYITHOCTU NEePEMEHHBIX X1, ..., Xg, Y1, ..., Yo. CTEIIeHb
f:j (er ZZ: Z3)
BBIDQXKEHUA —ym— TI0 TIePEMEHHBIM X7, ..., X9 PaBHA d;, a mo me-

PEMEHHBIM Y1, ..., Yo paBHa 8d; —9m;. Ilostomy d = 9(d; — m;), u, 3Ha-
4uT, d; OHO3HAYHO ompezendeTca o m; u d. CiefoBaTebHO, BbIpaXe-

fj (Zh ZZ: Z3) o o
T CoBIIaZaeT C OAHOPOAHON KOMIIOHEHTHOM MHOI'OYWICHA F

II0 IIepeMeHHBIM X1, ..., Xo U II03TOMY IpuHaziexxut K[V]. O

HIME

Onpegenenuie 16. HeHyneBoli MHOrOwIeH F (x, ) UMeeT HYJib NOPS0-
Ka He HUJce m B Touke (a, 3), ecyiv OH JOIYyCKaeT 3aIuch

Fix,y)=F,(x—a,y—=B)+F(x—a,y—f)+..

rae F, — HEeKOTOPbIM OJHOPOAHBII MHOTOWIEH CTENEHU Kk OT JByX IEpe-
MEHHBIX.
Jlemma 16. Herynegoii 00HOpOOHbLll MHO20uneH f(Z,Z,,7Z3) cme-
neHu d om nepemeHHwblX Zi,Z4,7Zs Odeaumcsi HaA Y™ moeda u MOabko
Zy Z3\ _ f(Zy,2,,Z5)
Z’ Zl) - zd

(ay,a3), ..., (ag, a3) Hynu nopsdka He menbuie m.

moeda, K020a MHO20WleH f ( uMeem 8 mMoukax

JoxkaszaresnnscTBO. CzenaeM 3aMeHy IlepeMEHHBIX
/o !/ / 3
21=2y, Zy=2y—a1Zy, Zy=1Z3—ajZ;.

INocste aToro To4ka (a;, a3) MepeMecTHTCS B Ha4aI0 KoopAuHar. Jlasee,
7 =i L4y Uy, Z.=yU, Z.=yU
1—X1y1 AT 2 = Y1V, 3 = Y1Us,

XY XoY
T onye Ty

X, Y X
U, = (@3 —a3)2—+... a—a3 9—
3= (@ 1)y1y2+ +(a 1)yy

XoY
»nyo’

Uz == (a al)_ +...+ (ag al)

fcHo, yTo MHOrouwneHsl Uy, U,y, U3 He 3aBUCAT OT y;. B 3anucu
/ / N — rd— / / rd—m—1
fz,z, ,Zs) = fm(Z Z)Z M+ fin1(Zs, VA VA m4
BCE WIEHBbl HAYMHAA CO BTOPOTO AEJNATCA Ha y{"“ a MepBHIM WIeH UMeeT

d-m
Bug Yy f, (U, Us) (xl + J’1U1) . U3 ycioBusA Ha omnpezenuTenb (CM.
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ZI0Ka3aTeIbCTBO JIEMMHI 13) ciiefyeT, 94To

K(Xz, ceey Xg) = K(Uz, Ug, X4y eees Xg),
rae K = K(yy, ..., Y9). 3Hauut, U, u U; anrebpanyecKku HE3aBUCUMBI
Haz K (u Haz K). Ilostomy us ycaosusa f,(Z,,Z;) # 0 crezyeT, uTo
fm(Us, Us) # 0 xaKk MHOTOWIEH OT X; U Y;. ITak, MakcHUMaslbHasA CTelleHb
ajleMeHTa y;, Ha Koropytw genurcs f(Z,,Z,,Z3), paBHa MOPAAKY HYJIA

A Zz Za 3
MHOTOWIEeHa f 7.7 | B TOukKe (a;, ay). PaccmMaTpuBasg aHaJIOTMYHO
1 1
TOUKH (ay, a3), ..., (g, a3), TONydaeM yTBEpKAECHHE JIEMMBbL. O

Jlemma 17. ITycmb HeHynesoll mHozouneH F (X, y) cmeneHu He 8biute 3m
uMeem Hyau nopsioka He MeHblle = m 8 moukax (a, a?), ..., (ao, ag). Toz0a
F(x, y)=A(y =x*)™, AeK\{0}.

Jloka3arenbcTBO. bByzeMm paccy:kzaTh WHAYKOMENH 1o m. B ciydae
m =0 mHorowreH F(x, y) ABsAeTca HeHy/leBOM KOHCTAaHTOU U yTBepxkze-
HUe o4eBUZAHO. [Ipu m >0 paccMOTpUM 3aIUCh

F(x,y)=c¢p )Y+ )y L+ Cam (X).

[o ycoBuio cTerneHb MHOTOWIEHA C;(X) He TPEBOCXOAUT j. 3aMeHa y — X
HOPUBOAUT K MHorouneHy F(x,x3) = cox®™ + c;()x"™ 3 + ... + c5,,(x),
COBIIaZIaloIeMy C OCTaTKOM OT JeseHus F(x,y) Ha y — x°. MHorodieHn
F(x,x3) genurca Ha (x — a;)™, TIOCKOJNBbKY BBIpa)keHue (x — ai)k(y — aig)P
rmocJjie 3aMeHHl y — x3 gemres Ha (x — ai)k+P. Vtak, mHorowieH F (x, x2)
pgenutcs Ha (x —aq)™...(x —ag)™. CpaBHUBAA CTelleHH, IoIydyaeM

coxgm +c, )X 3 L +C3m () = coglx—a)™...(x—ay)™.
1

3

KoaddunuenT npu x°™ ! B 1eBoii yacTu paBeH Hy/IIO, TOTJa KaK B IIpa-
9

BOM YacTH OH paBeH —cym Y. a;. OTcioAa ciieAyer, u4To ¢, =0, 1, 3HAYuT,
i=1

F(x,y) aemurca Ha y — x°. TIOCKONBKY y — x>

uMeeT B To4Kax (a;, a1.3) HYJIb

M IIpeaIriogIoXKeHure
y—x3 P4

WHIYKIVY U TOTyYUTh TpebyeMoe yTBep:KIeHHe. O

mopAAKa 1, MBI MOXXEM IIPUMEHHUTH K YaCTHOMY

Jlemma 18. 1. BexkmopHoe npocmpaHcmeo MHO20WIEeHO8 CMeneHu He
eblille d OM nepeMeHHbIX X U Y Umeem PA3MEPHOCMb

c2 . = d+2)(d+1)
d+2 2 '
2. ITyems d = m. Tozda npocmpancmeo MHO2OWIEHO8 CTeneHU He 8blille
d, umerowjux 8 daHHoll mouke P Hy/b nopsdka He 8blllle M, UMeem pasmep-
HOCMb
C§+2 - Cliﬁi’l‘
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Joka3zarenbcTBo. 1. Hazo cocuurare uwciao map (i, j) ¢ UeabIMu
i,j=0, i+ j<d.na sToro BBeieM GUKTUBHOE cjaraemoe k=d —i— j.
Torpa d=i+j+k, i,j,k>0. PaccmoTpum d + 2 Kpy>KO4YKa, pacIoNoKeH-
HBIX B psAf. 3akpallMBaHUE BYX M3 HUX OIpeZensieT pa3buenue d Ha 3
HEOTPULIATETHHBIX C/IaTraeMbIX.

2. IMoce caBura Touyku P B Hayayso KOOPAWHAT YCJIOBHE HA MOPSALOK
HyJI 3ajiaeTcs obpalleHueM B Hyilb C2 +1 K03OOUIIMEHTOB MHOTOWIEHA.

o

Jlemma 19. ITycms d = 3m. Toeda npocmparncmao mHozounenos F(x, y)
cmeneHu He eblile d, UMeNWUX HYAU NOPSOKA He 8blule M 8 MOUKAX
(ay,a3), ..., (ay, a3), umeem pasmeprocms

—9C?

d+2 m+1°

Joka3aTenbcTBO. [lo TpezbiAyleii TeMMe Pa3MEPHOCTb MPOCTPaH-

9m?+9m+2
CTBa MHOT'OWIEHOB CTEIIEHW He BhIlle 3m paBHA C? =7,
3m+2 2
9m?+9m
TOrZa Kak 9Cm =5 [To 1emme 17 MpOCTPaHCTBO MHOTOWIEHOB,

VIIOBJIETBOPSIONIUX HAIIMM YCJIOBUSIM Ha TOPSAKYU HyJIeH, OJHOMEPHO.
CrnezoBaTenbHO, 9C 41 JIMHEHMHBIX ycIoBui Ha F (X, y) OKasbIBAIOTCA JIU-
HEWHO He3aBUCUMBIMU. [1py d > 3m yKa3aHHbIE YCJIOBHUA TaKXKe JUHEHHO
HE3aBUCHUMBI, ITOCKOMbKY OHU JIMHEWHO HE3aBHUCHUMBI IIPYU OTrpaHUYEHUU
Ha TOJIIPOCTPAHCTBO MHOTOWIEHOB CTEIIEHHU He BBIIIE 3. O

Jlemma 20. Cywecmsyem mHozouneH F(x, y) cmenenu 3m+ 1, umero-

wuti 8 moukax (ay, ai’), ..uy (ao, ag) HY/IU nopsidka He MeHbUle M U He 0ens-

wuiica Ha y — x5,

JlokazarenbcTBO. [IpoCTpaHCTBO MHOTOWIEHOB CTEIIEHHW HE BBIIIE
3m+ 1, umeromuX Hy/IU MOPSZKA He MeHbIlle m B Toukax (q;, aiB), nuMeeT
Pa3MepHOCTh

(3m +3)(3m+2)
2

(m+1m

2
-9C;, 5

3m+3 _9 = 3m+3.

HOﬂHpOCTpaHCTBO U MHOTI'OYWIEHOB, YAOBJJIETBOPAIOIINX 3THUM YCIOBHUAM

U JIeIAIMXCA Ha Y — X°, IMeeT Pa3sMepPHOCTb

3m@Bm-1)
2

m(m-—1)

5 =3m

2 2 _ _
n—9C, = 9
(3TO pasMepPHOCTh MPOCTPAHCTBA MHOTOWIEHOB CTEMEHU He BhIle (3m +
+ 1) — 3, umeronux B Toukax (q;, a?) HyJIU TIOpsiKa He MeHbIne m — 1).
TeMm camMbIM MOATIPOCTPAHCTBO U ABsAETCS COOCTBEHHBIM. O
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JlokasaTenbcTBO TeopeMsl 8. [TycTs anre6pa K[V ] koHeuno moposx-
JeHa. JlemMa 15 To3BOJISIET BRIOpATh CUCTEMY 06pasyloniux BUAa
g [BE=Z [(2,2,,2) /124,25, 25)
- Y s Ym PR Ymr s
rae f;(Zy, Zy, Z3) penarea Y™ B K[V]. MoxHO cauTaTh, 410 f;(Z1, Z3, Z3)
[i(Zy, Z,, Z3)
T Ha

He JieNATes Ha Z3Z3 — Z5, MHade 3aMeHUM 0GpasyIoLyIo
,f:j(Zl’ ZZ! Z3)
(2275 -Z)ym~V
Z1,Zy, Z3. CornacHo seMmme 17 zyist Bcex m; > 0 BBIIIOJITHEHO HEPABEHCTBO
d;>3m;. Jlerko BuzieTh, YTO 5TO HEPABEHCTBO BBIMOJIHEHO ¥ NpH m; < 0,
IIOCKOJIbKY MBI MOXKEM CUMTaTh, YTO S HE COAEPKUT KOHCTAHT.
3apukcupyeM ymciao m > max(my, ..., m,). JleMma 20 obecrneuynBaeT
cylecTBoBaHMe MHorowieHa F(x, y) creneHu 3m + 1, uMelolero HyaIu
TopsiKa He MeHblIlle m B To4Kax (a;, a1.3) U He JeJIALerocsi Ha Y — x3. [TycTb
(24,25, 25) :=F(§—j, %)Zf’”“. Ilo neMMe 16 BEIpaKeHHe %
onpezienseT aneMeHT anre6psl K[V]Y. [TokaxkeM, 4To OH He BHIpaKaeTcs
yepe3 2/IeMeHTHl MHOXXecTBa S. B camoMm Jefe, eciy Takoe BhIpaXKeHUe
CYILeCTBYET, €I'0 MOXXHO CUUTATh OZHOPOAHBIM I10 IIEPEMEHHBIM Z1, Z4, Z3
U 10 mepeMeHHON Y (3ech mcmosnbayercs jemMma 14). ITockonbKy f He
JeIUTCA Ha ZfZ3 - Zg, B JJAHHOM BBIpQXXE€HUU MMEETC WieH, He BKJIIoYa-
727,73 fi(Zy, 2y, Z5) ) ej

[lycTh d; —3TO CTeNeHb MHOTOWIEHA f; OTHOCUTENbHO

v 2 Tlycrb oo A ] 7 , A €K\ {0}. [IpupaBHu-

Bad CTENeHU 110 Zq, Z,, Z3; U0 Y, TIoJlydYaeM
D dje; =3m+1; @
ijej =m. ©)

Torga paccMoTpuM Bhipaxkenue (4) — 3(5) u monyuum . (d j—3m;jle;=1.
[TockonbKy d; — 3m; > 0, MBI 3aKJIIOYa€M, YTO POBHO OZHO €;, CKOXKEM €],
paBHO 1, a mpouue e; paBHbI Hymo. 13 cooTHomeHus (5) cieayer, 4To

m =m; , 9TO TPOTUBOPEYUT BBIOOPY m. ITO NPOTUBOPEYME 3aBEPIIAET

ZI0Ka3aTeJIbCTBO TeOPEMHI 8. O

TOIIUI

Yupaxnenue 19. Haiigure B [0Ka3aTeJbCTBE KaK MOXKXHO 6oJbliie
MECT, I'Zle CyIIeCTBEHHO HCIOIb3yeTCsA TOT GpaKT, 9YTO YUCIO ToUeK (a;, ai3)
paBHO 9.

Bynem roBoputh, 4To anrebpa A rpaZiyupoBaHa HEKOTOPOU T'PYIIION
M, ecnu 3azaHo Takoe pasnoxenue A=, ., A, B IPAMYIO CyMMy BeK-
TOPHBIX TIOATIPOCTPAHCTB, YTO A, A, COAEPKUTCA B Ay, AN THOOBIX
mq, My € M. B aTOM ciydae anrebpa A HassiBaeTcss M-2padyupos8aHHoil.
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Ynpaxuenue 20. [TokaxuTe, YTO rpaZyrupOBKU U3 OllpesesieHus 1 aB-
JIAIOTCA YaCTHBIM ciiydaeM M-rpagyupoBoK. Kakyto rpymnny M 37ech HyX-
HO paccMOTpeTh?

B 3aksmounTesnbHON YacTU JoKa3aTelbCTBa TeOpeMbl 8 HesIBHO UCIIO/b-
30BaHa Z2-rpafyMpoBKa Ha anre6pe uasapuantos K[V]Y. B cieayromeit
3aziadue MBI GOPMYJIMPYEM COOTBETCTBYIOLIEE YTBEPKAEHHUE SBHO.

3aga4ya 42. Ilycte A= @(a’b)ezz Aap) — 7Z2-rpasyupoBaHHas anre6-
Pa, YAOBJIETBOPAIOLIAA CIeAYIOIIUM YCIOBUAM:

—Aun#0=>a=0,a=3b;

—dim A3 5y =1 1pu Bcex b = 0;

— A@pr1,p) FAsb-26-1A(3,1) IPU Beex b > 1.

Jlokaxkute, 4TO anrebpa A He SIBJISETCA KOHEYHO TTOPOXKIEHHOM.

3azaua 43. JlokakuTe, 4TO ajrebpa MHBApHUAHTOB K[V]® ue sBisieT-

Cs1 KOHEYHO TIOPOXKAEHHOM.
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1 Ilycte 1=aqa; +... +a;, j1 <... <ji. Toraa u3 la; =a; crenyer,
yto j; =01 aja; = 0 mpu p > 1. OcraeTca BOCIONIB30BATLCA TEM, UTO
la j,=aj, -

2. a) Ecm beA,, b#0 u s >0, To 1uHeliHas obomouka (cbd: c,d € A)
COZIEPKUTCS B CyMMe KOMITIOHEHT cTelleH! He Hipke s. C Ipyroil CTOPOHBI,
[T HeHyJIeBO# MaTpuIlel B muHelinas obonouka (CBD : C, D € Mat,,,.,(K))
coBnagaet c Mat,,,,,(K).

6) HempepriBHas GpyHKIHA 06paThMa TOT/ia U TOIBKO TOT/A, KOT/Ia OHa
HUrZe He obpamaeTcs B Hy/ib. HempepoiBHas ¢yHKuus Ha otpeske [0, 1]
orpaHU4YeHa, TI03TOMY, IPUOABIIAA K JTI0OOMY IeMeHTy Haleil aiare6pbi
MOAXOAIIYI0 KOHCTAHTY, MOXKHO TIOMYYUTh O6paTUMBI a7eMeHT. [1ycTh
uMeeTcA HeTpUBHalbHadA rpagyupoBka C[0,1]1=A =@ A; U a €Ay,
k > 0. Torza ans mogXoAdAlleld KOHCTAHTHI A HalAeTCd TaKOH 2JIeMEHT
b=by+b; + ... + by, uto (a+A)b=1. Otcioga cneayer, uto by =A"1 —
HeHy/IeBasd KOHCTAaHTa, b, MpOIOpIUOHAJEH d, by, HpoIopLHoHaNeH a’
U T.J., a IpoYrde KOMIIOHEHTHI 3JieMeHTa b paBHBI Hy/0. PaccMoTpute
CTapILyI0 KOMIIOHEHTY IIpou3BeZieHus ab.

3. Paccmorpute A=K[x]/ (x2) u anemenT 1+ x. [ToKaxuTe, YTO B -
rebpax 6e3 feuTeNeN HyIA TAKOW IpUMED HEBO3MOKEH.

4. a) VI3 KOHEYHO! MOPOXKAEHHOCTU aurebprel A ciexyert, 94To A IIo-
poXaeTcs MOAIpocTpaHCTBOM D) A, IA HEKOTOPOrO HATYpaTbHOTO
m. SIcHO, YTO B JIFO6YI0 OZHOPOAHYIO CHCTEMY OOpa3yIoIUX ZOMKEH BXO-
JUTh HEKOTOPBIN 6as3uc mpocTpaHcTBa A,. [anee 6ygeM CTpPOUTh MUHH-
MaJIBHYIO CHCTEMY 00pa3yIolyX WHAYKTUBHO. [ MPOU3BOIBHOrO k > 1
pPaccMOTpUM B Aj MOAIIPOCTPAHCTBO Uy, IOPOXKAEHHOE TPOU3BEAEeHUAMU
Aj..A;, The hit..+j,=kmuj;=..>j,>0. 3amerum, uro U He
3aBUCUT OT BBIOOpa ob6pasyiolux. JJOCTpOMM HEKOTOPHIH 6asuc Ipo-
cTpaHcTBa U, Ao 6a3rca mpocTpaHcTBa Ay M 106aBUM Ga3UCHbIE BEKTOPHI
K cucTeMe obpasyromux. Ilocie TOro KaK MbI JoiaeM o k =m, MBI T0-
JIYIMM MUHUMAJIBHYIO CHCTEMY 0Opasytouux aarebpsl A. JIokaKuTe, 4To
MIPOU3BOJIbHASA OZHOPOAHAA CHCTEMa OOPasyIOIIUX COAEPKUT HE MeHee
dim A, — dim U} a71eMeHTOB cTeneHu k.

6) Pacemotpute A=A, =K[x, y1/(xy —1) ma; =x2, a, =x3, a;=y°.

5. Tlycth S C 7, — MOAMHOMKECTBO, TpudeM § + s’ € S A MH06GBIX
s,s’ €S. Vcmionb3ys MOHATHE HAUOOMBINETO OBIIEro AETUTENsA, TOKAKUTE,
YTO HaliZieTcs KOHEYHBIM Habop $i,...,S, JEMEHTOB M3 S, CKJIaJbIBas
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(MHOTOKpPaTHO) KOTOpPBIE MBI IOJy4YUM Bce dneMeHTHl S. IlycTh Temephb
P Cc K[x] — moganre6pa, S — MHOKECTBO CTEIIEHEH BCEBO3MOXHBIX MHO-
TOWIEHOB U3 P, 54, ..., §,, — IIOCTPOEHHBIH BhIllle HAGOP U g1, ..., &, — IIPO-
U3BOJIbHBIE MHOTOWIEHBI U3 P, yZoBieTBOpAWIINe ycaoBHIO degg; =s;.
[TpoBepbTe MHAYKIIMEN IO CTEMEHU, YTO KaXK/JBIM 37eMeHT U3 P BhIpaka-
eTcs KaK MHOTOWIEH OT g, .., €n-

MOJKHO OTHMCaTh BCe aareOphl, B KOTOPBIX KaXKAas mojaarebpa KoHeu-
HO MOPOJXKZEHa, a TaKKe MOMyuYuTh G-3KBUBAapUAHTHBINA aHAJIOT 3TOTO pe-
3y/JbTaTa, rae G — HeKoTopas JHUHeHHas TpyIina aBToMOpGHU3MOB aures-
pHI, cM. [8].

6. IlycTh anrebpa KOHEYHO MOpOXkAeHa. MOXXHO CYUTATh, YTO KO-
HeYHas CUCTeMa TOPOXKAAIOUIUX COCTOUT U3 OZHOWIEHOB. IlycTh m —

J
9TO MaKCUMaJbHOe 3HaueHHe OTHOIIeHUS T no BceM o6pasyromuM x'y/.

Jlokaxure, 4To A4 moboro x Ky € A HMeeM
TUBOPEYUIO.

7. Oto pemeHue npeanoxwia Kapuas Kyromxuas. [TycTe B HEKOTO-
pO¥ OHOPOAHOM cucTeMe 06pasyonux di, ...,d, airebpsl A ajneMeH-
Thl UMEIOT CTeneHu di,...,d,. Ilonoxxum m = nK, rge K — HauMeHb-

k < m. DTO IPUBOJUT K IIPO-

mee obinee kpatHoe uucen d,...,d,. IIycTb omHOWIEH alll...a;“ ume-
eT creneHb i;d; + ... +1,d, = pnK, p = 2. JlocTaTOYHO [OKa3aTh, YTO
HaWJyTCA Takue lieble HeoTpULaTeJIbHble YhCaa j; < iq, ..., ju < I, YTO
j1di + ... + j,d, =nK. PaccmoTpuM ocTaTku t, OT geneHud i.d, Ha K.
Torga t; + ... +t, =cK, ¢ <n. [IpubaBisAs MOCIeJ0BATETBHO K YUCIAM t,
yuciao K Tak, YTOOBI pe3yabTaT He MPEBOCXOAWN i,.d,, MBI YBEIUYHUBAEM
3HaueHue CyMMBI Ha K, 1oka He noiay4yum nk.

Crnezytouuit npumep, HaiizeHHBIN .. borgjaHoBBIM, ITOKa3bIBaeT,
yTo m = K monoxuth Hemb3d. Ilycts d; =1, dy =6, d3 =10 u d, =15.
Torga K =30 u cymmy

1+6+6+6+6+10+10+15 =60

HeJIb3s pa3buTh Ha Be MOACYMMBI, paBHbie 30.

B kuwure [1, r1. 111, § 1, mpeamnoxenue 3] foKa3aHO, YTO YHCJIO MM MOXKHO
nogobpaTh Tak, yTo ml-pa3pexeHue aarebpel A OyJeT CTaHZAPTHBIM IS
moboro [ = 1.

[l 3HaTOKOB OTMETUM, YTO YTBEpP:KJEHUE 3a/laur ITOJIE3HO B ajreo6-
panvyecKoil TeOMETPUU: OHO ITO3BOJIAET ZI0OKA3aTh, YTO B3BEIIEHHOE IPO-
€KTHBHOE IIPOCTPAHCTBO SBJISAETCA IPOEKTUBHBIM MHOT006pasHeM.

8. Xopormo u3BectHO (cMm. [3, 1. 9, § 6]), 9TO ecyiv n 37IEMEHTOB MTOPOXK-
natot anrebpy A =K[x, ..., X,], TO 3TH 21eMeHTHI anre6pandecKy He3aBU-
cuMbl. Iy Kaykgoro Habopa CBOOOAHBIX MTOPOXKAAIOIINX aare6psl A 060-
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3HauuM depe3 N obIlee YHCIO OZHOPOJAHBIX KOMIIOHEHT 3JIeMeHTOB Habo-
pa. I[lycts y;, ..., ¥, — CBOOOJHEIE TOPOXKJAIOIINE, JJIT KOTOPHIX 3HAYEHUE
N munumansHo. Torza y;, ..., ¥, He coZep:kaT KOMIIOHEHT HyJIeBOM cTelle-
HU. [IpeAnonoxuM, 4YTO 3/IeMeHT y; HeoZHOpoZeH. Hukakas KOMIIOHEH-
Ta JeMeHTa y; He BhIpaXKaeTcd Yepes Y, ..., ¥, HHa4e MOXKHO 3aMEHUTh
Y1 Ha pasHOCTb y; U MHOTOWIEHA OT Yy, ..., Y,. IIyCTb 2 — KOMIIOHEHTa
JJleMeHTa y; HauMeHbllell creneHu. [lokaxeMm, 4TO 2, Y, ..., ¥, IIOPOX-
JarwT A. /1A 9TOro AOCTaTOYHO Z0Ka3aTh, YTO BCE KOMIIOHEHTHI /IeMeH-
Ta y; BBIp@XKaIOTCA 4Yepes 2, Yy, ..., ¥,. [/ KOMIOHEHTHI 2 9TO fACHO. J1a
MIPOYUX KOMITOHEHT 2’ MCIIOIb3yeM MHAYKIIUIO II0 CTENIeHU. B BEIpaskeHUe
2’ =F(y, ..., Y,) He BXoguT wieH Buza Ay;, A €K\ {0}, Tak Kak uHaue
YWieH A% He MOJKET COKPATUTbCs. DTO TIOKA3BIBAET, YTO 2’ BBIPAXKAETCS Je-
pe3 ¥a, ..., ¥, 1 KOMIIOHEHTEI 3/IeMeHTa y; MEHbIINX CTeleHel.

Haurmu paccyxzieHnsa OKa3bIBaIOT, YTO KaXKJas rpaZfyrpoBaHHas n-mo-
poxzaeHHasa anrebpa A, A KOTopoi Ay =K, MOXeT ObITh MOPOXKIEHA He
6osiee 4eM n OZHOPOAHBIMU dJI€MEeHTaAMU.

3aMmeTuM, 4TO ycioBue Ay =K [JIg JAaHHOIO PelleHUs CYIeCTBEHHO
U, OTOPOCUB €ro, MBI IOJYYNM 33/ady APYroro YpoBHA ClIoKHOCTH. Of-
HOM U3 SPKUX OTKPBITBIX MPOOGJIEM COBPEMEHHOI aire6phl ABISETCI TaK
HasblBaeMas npobsema cokpauyeHus. IIycTb A — KOHEYHO HOPOXKJEeHHAsA
K-anrebpa, 1 AJs HEKOTOPOTO HaTypalbHOro k anre6pa MHOTOWIEHOB

Alyi, ..., ¥i] Hax A uzomopdHa anre6pe MHOrowieHOB K[xy, ..., X,,] Hax
noneM K. BepHo su, uyTro anrebpa A uzomopdHa anrebpe MHOTOWIEHOB
K[z, ..., Zm_i]? HeTpyaHO TIOKa3aTh, YTO pellleHUe 3aa4u 8 6e3 orpaHu-

yeHUs Ay =K BI€YET MOMOKUTENBHOE PellleHre TPOGIEMBI COKpAIleHuS.

Eciu paccMoTpeTh cBOGOAHYIO anrebpy, rpafyrpoBaHHYIO He LeTbIMU
HeOTpULIATETbHBIMU YHCJIAMU, a BCEH I'PYMIION IeNbIX Yuces, 3azada 8
CTaHeT SKBUBAJIEHTHA NpobJieMe JuHeaApU3aAyUl A JeACTBUSA OZHOMED-
HOro anrebpanyeckoro Topa Ha adpduHHOM mpocTpaHcTBe K". TToMOXKU-
TeJIbHOE pellleHre dTOU MpoGaeMbl IpU n =1 U 2 U3BECTHO ZOCTATOYHO
ZaBHO. [TomyyeHHOe okoso 10 jleT Ha3a/ IMONOXKUTENbHOE pellleHHe IIpo-
6J1eMBI TMHeapU3alyy Mpu n = 3 MoTpeboBaIo KOMTOCCATbHBIX YCIINH, CM.
0630p [12]. ITpu n = 4 npobiema JTUHEAPU3ALUH OCTAETCS OTKPHITOM.

9. Bocmonbayemcsi Tem, uTto B anrebpe A = K[xy,...,Xx,] pasmoxe-
HHMEe Ha TPOCThle MHOXMTEIH OAHO3HA4YyHO; cM. [3, m1. 9, § 7]. IlycTh
p= % € QA. DleMeHTHl pq, D, €A MOXXHO CYUTATh B3AMMHO IIPOCTHIMHU.

Ecm p™+a,p™ ! + ... +a,, =0 111 HEKOTOPHIX A1, ..., A,y € A, TO KaXKbIiA
TIPOCTOM e IuTeNb 37eMeHTa P, ASJUT p;. SHAUUT, p € A.
10. 3ameTtum, uto P(A) =M (P(A)). [lyctb

r € (L(P(A)NK(P(AN)\P(A).
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Torza COOTBETCTBYIOIINI ' OZHOWIEH d He JeXXUT B A. Yesnosue r € L(P(A))
TIO3BOJIIET PACCMATPUBATh d KaK a7eMeHT ot QA, a yenosue r € K (P(A))
MoKasbIBaeT, uTo a’ € A ana nozaxozamiero s € N. CiegoBaTelbHO, A He
1IeJI03aMKHYTa.
%EQA\A u pX+a;p* +... +a, =0. U nesoza-
MKHYTOCTH anre6psl K[xy, ..., x,] creayet, uto p € K[xq, ..., X, ]. ¥ MHOTrO-
YjeHa p eCTh WieH, Habop CTeleHel r KOTOPOro He JeKUT B P(A). B cuty
paBeHcTBa a =bp Touka r sexuT B L(P(A)). ITokaskeM, YTO I JIEXKUT B KO-
Hyce K CK(P(A)), MOpoXAeHHOM HabopaMu CTelleHel OJHOWIEHOB, BXO-
JAIIUX B Pa3/IOKEHUS 2IEMEHTOB dy, ..., dk. IIycTh 1 ¢ K. [TOCKOIBKY KOHYC
K saBisieTcss 3aMKHYTBIM BBIITYKJIBIM ITOZIMHOXKeCTBOM B Q", Teopema otze-
aumocty (cM. [3, m1. 7, § 2, Teopema 2]) rapaHTHpyeT Hajanuuue JUHeH-
HOH GyHKIMHM [, KoTOpas HEMONIOKUTEeNbHa Ha KoHyce K u [(r) > 0. Byaem
Ha3bIBaTh MaKCUMaJbHOW KOMIIOHEHTON MHOTOWIEHA CyMMY TE€X €0 4ie-
HOB, AJI1 KOTOPHIX 3HaueHue GyHKIMM [ Ha Habope MoKa3aTeseil MaKCH-
MasibHO. HecsioKHO MpOBEPUTH, UTO B BBIpAKEHUU pk +a; p"‘1 + ...+ ag
CTapIlIasg KOMIIOHEHTa MHOTOWIEHA pX He MOXeT COKpPaTUThCA, U, 3HAYHT,
3TO BEIPAXKEHUE He PABHO HYJIIO.

11. B aTo#i cuTyaliuu MHOXXeCTBO P (A) ompeensaeTcsa aHaJIOTUYHO, Of-
Hako 6asuc I'mabbepTa ompesenuTh He yaaeTcsa. TeopemMa 0 TOM, YTO MO-
HOMMaIbHAsA mojianrebpa A 1el03aMKHyTa TOTZla ¥ TOJABKO TOT/A, KOTZa
P(A) HachIIeHHO B Z", TOKa3bIBAETCS TOYHO TaK Ke.

12. Ota 3azava B3ATa U3 KHUTH [6, 1. III, § 4.3]. IloKkaxkeM cHavaja,
4YTO B A coziepyKaTcs OAHOWIEHH X' y° ¢ JII0OBIM 3aZIaHHBIM S. ITyCThb

pP= xayb+2aixa+iyb—i’

i>0

O6partHo, MyCTh p =

a; € K, — ofZHOPOZHBIN 37eMeHT U3 A, ayig kotoporo b > 0. Ecmu k e N
ukb=a, o

xkb—ap — (xky)b+Zaix(k+1)i(xky)b_i e A,

i>0

OTKyZla BBU/Y IIeI03aMKHYTOCTH aare6psl A ciefyeT, uto x<y € A.
ITokaxeM, uTo x%y? € A; oTcloza MO MHAYKIMH clefyeT Tpebyemoe

yrBepxaenue. [Ipeanonoxum, 9To Xy’ ¢ A, u mycTh n — MaKCUMaTbHOE

Takoe 4ucio, uto x" 9yt ¢ A. Torma a4 Beex 0 <i<b umeem

n+a+iyb—i)b n+a+1yb)b—i,

(x = x9(x

rae

d=b(n+a+i)—-b-i)(n+a+1)=b(i-1D+i(n+a+1),
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n+a-+i

U, cJIeZIoBaTeNIbHO, X yb‘i €A nna i > 0. CooTHoIIeHUE

x"p = xn+ayb+2a'xn+a+iyb—i cA
L
i>0
TIPUBOAUT K IIPOTUBOPEYUIO.
13. Togoiizer A=K[xy, x,1/(x?), degx; =0, degx, =1.
14. PaccmotpuM noganre6py A B K[xy, x5, X31,
degx; = degx, = degx; =1,

2

MIOPOX/IEHHYIO J/IEMEHTaMH X7,

2 4
X35, X3, X1X,. Toraa
_ 2 .2 4 2 .2 .4
A =K[x7, x5, X531 ® x1K[x7], x5, x35]
"

1 n t? _ 14¢2 _ 1
1-t22(1-t  (1-2)2A-tH Q-0 -tH A-2)*

P(A 1) = (

KommoHneHnTa A, mopox/eHa sjeMeHTaMu xf, xg, X1X,, OHU anrebpaude-
CKU 3aBHUCHUMEBI, TTO3TOMY ajirebpa A He MOXeT OBITh MOPOXKAEHA TPeMs
anrebpanyecKy HE3aBUCUMBIMU 3JIEMEHTAMU CTETIEHH 2.

15. Ecu mexny ay, ..., a, UMeeTcsa MOJINHOMUATbHOE COOTHOIIEHUE,
TO KaX/Jasd OJHOPOAHAs KOMIIOHEHTA 3TOI'0 COOTHOIIEHUA TAKXKe ABJAET-
ca cooTHomeHueM. C Jpyroii CTOPOHBI, €ClIu MeXAy di, ..., d, UMeeTcs
COOTHOIIIEHUE CTeleHu d, TO pa3MepHOCTh KOMIIOHEHTHI A; MeHbIIIe pas-
MepPHOCTHU KOMITOHEHTH K[Xxy, ..., X,14, TAe degx; =d;.

m
16. TTycTb ay +a t +ast> +...= bfo-:_bclltt_:_:lzjfn .

Torga mpu N >max(n, m) uMeeM dyco+ay_1¢;+... +ay_,c,=0mn

ay_161+...+ay_,Cp
Co

lay| < < gnmax(lay_ql, ..., l[ay D),
rJe ¢ — KOHCTaHTa. TakuM 00pa3oM, IOoCIel0BaTeNbHOCTh {d;} pacTeT
He OBICTpee TeOMEeTPUYECKOM Mmporpeccuu. PaccMmorpure anrebpy A =
=K[x;, X5, ...] MHOTOWIEHOB OT CUETHOI'0 YKCJIa IIepeMeHHBIX, B KOTOPOH
YHCI0 06pa3yroluX CTEMEHU N paBHO n! A KaXKI0r0 HaTypaJbHOIO M.
17. ina anre6put A=K[x, xy, xy2, xy°, ...], degx =degy =1, paz Ily-
aHKape MMeeT BUJ
1 t 1—t+t?
PA) =TT —— = —.
4,0 -0 1-t (1A-0?
18. Bocronb3yiiTech WHAYKLIWENH IO CTeleHW MHOrowieHa. Jljis te-
jo3HayHoro MHorowieHa F(x) mHorowrieH (VF)(x) =F(x) — F(x —1)
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AIBJIIETCS 11€JIO3HAYHBIM Y IMeeT MeHBIIYI0 cTeneHb. C Ipyroil CTOPOHEL,
F(x—1)=F(x)—(VF)(x).

19. TIpoBeseM UHAYKIUIO 1O cTeneHu d. [Tpu d =0 MHOTOWIEH SBJIA-
eTcs mesiok KoHcTaHTo. IIpu d = 1 paccmorpum MHorowieH (VF)(x) =
=F(x) —F(x—1). OToT MHOrOYIeH TaKXe IleJI03HAaYHbIN, U €ro CTelleHb
HIKe cTeneHu MHorowieHa F(x). MHOroWwIeH O[HO3HAYHO ONpeZeseTcs
CBOMMU 3HAYEHUSIMU B IIeJIBIX TOUKaX, 03TOMY F (X) BOoccTaHaBIMBaeTCs
no uesomy uuciay F(0) u mHorowieHy (VF)(x). Ilo mpeamonoxeHUIO
naayknuu (VF)(x) umeer Tpebyembiii Buz. OcTaeTcss 3aMeTHTh, YTO
VCi=Csl.

20. IToBTOpHUTE OKA3aTEIBCTBO TEOPEMEI 2 1A NP/ CTaBIeHUA

g(t)

P(A, ) = W
21. ImeeM
PAD =Gy~ T~
1=t d-1 (+26+1)
= qog7 = (Htto+t )(Z 5 t),
s=0
cjIes0BaTe/IbHO,

H(x) = %((x+1)(x+2)+x(x+1)+...+(x—d+2)(x—d+3)).

22. JlocTaTouHO pacCMOTPETH anrebpy, y KOTOPOii p, 06pa3yrolux cTe-
TIeHH § ¥ TIPOU3BEZIEHUE JTFOOBIX 00pa3yroIUX PaBHO HYJIIO.

23. a) CM. pelreHue NpebIAYyIIEN 3a4a49H.

6) HaiizuTe mociefoBaTebHOCTD, KOTOPAs pacTeT OBICTpee MoCeso-
BaTEJbHOCTH PasMEPHOCTEN KOMIIOHEHT JIFOO0OH KOHEYHO MOPOXKAEHHOM
anre6psl. HanpuMep, OAXOAUT MOCIEI0BATENBHOCTD

(5]
po=p1=1, p;=Q PkPs—kt+1
k=1

24. TlocKombKy p; = 2, Hama anrebpa sBafercsa GpakTopanrebpoit au-
re6pbl MHOTOWIEHOB OT JBYX IEPEMEHHEBIX. YCJIOBUE D, = 2 IIOKA3LIBAET,
YTO eCTh COOTHOIIeHHe cTereHH 2. CiieZ0BaTeNbHO, eCTh IBa COOTHOIIIe-
HUA cTeneHd 3 (OHU MOMY4YaloTCsl YMHOXKEHUEM COOTHOIIEHUS CTENeHU 2
Ha obpasyrolue), ¥ I03TOMY ps < 2.

25. HeT, paccMoTpuTe ocaeoBaTeAbHOCTD 1, 3, 3, 4.

26. Her,

ps =152 =C5+C}+C2+C3+C;,
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p¥ = C8 +C3+CH+C3+C? = 247 < p, = 248.

27. JluHeiiHasA 000JIOYKA OAHOWIEHOB U3 P = .4 \ (U:ozo //l;) ABJIA-

eTcs ugeanoM. [T0CKOIbKY 060! TOTMHOMUAIBHEIN Hzlea KOHEYHO II0-
poxJeH, HalizleTca Takoe m €N, uTto & =x1 P, U ... UX, P, A1 Bcex
§=m. DneMeHTH %, ; 00pa3yl0T KOHEUHBIM OTPE30K MHOXKECTBA OLHOWIE-
HOB CTeNEeHU s + 1 B leKkcuKorpadpuueckoM NOpsAKe, U IepBbIi JIeMeHT
3TOro OTpe3Ka paBeH X, W, Ile W — IIepBhIii anemMeHT u3 &. OcTaeTcs BOC-
II0/Ib30BaThCA JIEMMOH 3.

28. PaccMOTpUM 4YMCIIO M U3 IIpeAbIAyel 3agauu. [IycTb

_ 1
Pm = Clmy+---+Cry

Torza npu s =2 m uMeem

s s—1 s—m+1 _
Ps = Crgmytsem T Chgn-n+s—m T+ T Crypsem =

_ ~k(m)—-m k(m-1)-m+1 k(-1
- Ck(m)+s—m+Ck(m—1)+s—m + +Ck(1)+s—m‘

Ocraetca nonoxuts a; =k(m+n—i) —(m+1-1).
3amMeTHM, 4YTO MBI ITOJIYYWIN HOBOE J0Ka3aTelbCTBO TEOPEMEI 2.
29. Ina yucnia p,, m-pasnoxeHue Makosnes UMeeT BUJ,

P =Co+Crl 4. +Cl+C L, +... 4G,
rie j=m— p, + 1. Toroa pfnm) = Pm = Pma+1- B 9acTHOCTH, P Sm+1,

U TO PACCYKJEHHUE MOYKHO ITOBTOPSTh.
X1Xo

30. MHorowieH x, = TakKe MHBapHUaHTEH.

1
31. CortacHO ceICTBUIO 1 JOCTaTOYHO MMPOBEPUTD, UTO JIMHEHHAsI 060-

JIOYKA YKa3aHHBIX 2I€MEHTOB COBIIAZIAET C IPOCTPAHCTBOM MHBAPHAHTOB
cTelleHHY He BhIIe |G|. TO cilefyeT U3 JUHEHHOCTU MpoeKTopa P.

32. IIpuBeieHHOE B TEKCTe [J0Ka3aTeIbCTBO IIPOXOAUT Ha JOOBIM
anrebpanvecKy 3aMKHYTBIM TIOJIEM XapaKTEPUCTUKY HYJIb. 3HAUUT, CIe[-
crBue 1 cipaBeMBO Hag anrebpandeckuM 3ambikanreM K mons K. ITycTb
fis .+, fy — MHOTOWIEHBI CTENEHU He BHIIE |G|, KOTOpPbIE MOPOXKIAIOT
anrebpy K[xi,...,x,]1°. Tlockombky y fi,..., f; 9nucI0 KoadOHUIUEHTOB
KOHEYHO, 3TU MHOTOWIEHBI OINpeZeeHbl HaJ, KOHEYHO MOPOXKAEHHBIM
(1 moToMy KOHEYHBIM; cM. [3, m1. 9, § 5]) pacmmpenuem K; moma K.
3adpukcupyeM (KOHeUHBIH) 6asuc o K; Kak BEKTOPHOT'O IIPOCTPaHCTBA
Haz K U pa3nokuM Ko3pOUIIMEHTHI JIEMEHTOB fi, ..., f; TI0 3TOMy 6a3ucy.
MHorowieH, wieHbl KOTOPOI'O COBIAZJAIOT C WIEHAaMH MHOTOWIeHa f;, a
K03$OULIMEHTH ABMAITCA KoddULIMEeHTaMK Halllero pasjoKeHWsa IpU
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JlaHHOM 06a3MCHOM BEKTOpPe, HAa30BeM KOMIIOHEHTOM MHOTowIeHa f;. Kax-
Jasg KOMIIOHEHTA SBJseTCA ameMeHToM anre6psl K[xq, ..., X, ]. [IOCKOIBKY
G —aro moarpynna B GL, (K), KOMIIOHEHTH MHBAPUAHTHOTO MHOTOWIE-
Ha TakKe WHBAapUaHTHBL [IpoBepbTE, YTO KOMIIOHEHTH MHOTOWIEHOB
fi, ..., f, mopoxpatoT anre6py K[xy, ..., x,1¢

33. Ilyctb MHOTOWIEH f (X, ...,X,) SABAAETCA A,-UHBapUAHTHBIM U
O — HedeTHas IIoACTaHOBKA. Torza

fofrp foop

[TpoBepbTe, YTO TEPBOE CJIaraemMoe S,-MHBapUAHTHO, a BTOpoe obJaZiaeT
CBOUCTBOM O - h = (sgno)h. Kaxkapli MHOTOWIEH C 3TUM CBOHCTBOM
MeHseT 3HaK IoJ JelCTBHMeM TpaHCHo3UIuu (ij), TO3TOMY paBeH HYJIIO
Ha TUNEPIVIOCKOCTU X; = Xj, W, 3HAYMUT, AEIUTCA Ha X; — X;. [loatomy
K[xy, ..., X,]%" HOpoXkAaeTcss MHOTOWIEHOM [l j (x; — x;) u anemeHTap-
HBIMA CUMMETPUYECKUMU MHOTrowieHaMu. OTMETHUM, YTO 3TO pelleHue
TTOAXO/IUT JJIs1 II0OOTO TI0JIsA, XapaKTEPHUCTHUKA KOTOPOTO OTIUYHA OT JBYX.

34. IIpeanonoxum, uto rpynna G geiicteyer Ha Klxy, ..., X,], YMHO-
’Kas mepeMeHHBIE X1, ..., X, HA HEKOTOpble KOHCTaHTHIL. JIOKaKUTe, 4TO I10-
Janrebpa MTHBApUAaHTOB MOHOMUAJIbHA. B JaHHOM CiIydae ycJOBHE MHBa-

PUAHTHOCTU OZHOWIEHA xlllx;2 — 3TO0 ycioBUe AenuMocTu k(i; +1i,) Ha n.
[TycTh HaubGOMBITMH OOIIUH ZeTUTENh Yuces k u n paBeH d. Torga anrebpa

VIHBAPHaHTOB NIOPOKAAETCA OAHOWIEHAMH X' X2, TA€ i) + iy = %

35. YcoBue MTHBApUAHTHOCTU OfHOWIEHA: k (i, — i,) AenuTcs Ha n. [To-
aTOMy anre6pa MHBapMaHTOB NOPOXAAETCA OAHOWIEHAMH X1Xp, X; M X35,
rae s= % U d — HaubOOIbIINI OO AeJIUTeNb Yrcea k U n.

36. PaccMoTpuM anre6py MHOTOWIEHOB C KOMIUIEKCHBIMU KO3(UITH-
eHTamMu C[xq, x,] =R[xq, x,] ® tR[x, X,], Ha koTOpy10 G-AeicTBUE IIPO-
JopKaeTcd 1Mo JuHeHHoCTH. ITomoxuM 2 = x; + 11Xy U Z=X; — 1X,. fICcHO,
gro Clx;, x,] =C[z,2] u G AelicTByeT KakK z — €2, Z — £ Z, I/le € —Iep-
BOOOpa3sHbIM KOpeHb TPeThel cTelleHn U3 efUHUITEL. OTCIoa CIeAYeT, YTO
anre6pa nEBapuaHToB C[z, Z]¢ mopoxaeTca MHOTOWIEHAMH 2Z, 2° U Z°.
3uauuT, R[x;, x,]¢ nopoxzaaercs feiiCTBUTEbHEIMUA 1 MHUMBIMH YacTs-
MU 9THX MHOTOWIEHOB, T. €. X2 + X2, X5 — 3x1X2 U X3 — 3x3X,.

37. HamomumM, 4TO anrebpa A ABIAeTCs yenoll HaZl CBoel mogasnreb-
poit B, eciu A 11060T0 a € A HaWAYTCsA Takoe HATypalbHOE N U TaKue
aneMeHTH by, ..., b, €B, 4T0o a" +b;a" ! + ... + b, = 0. Kaxzplit ameMeHT
f € Klxy, ..., X,] ABIAETCA KOPHEM ypaBHEHWUsI l_[gec(X —-(g-f)=0,
MMO3TOMY /Ijisi KOHeUHOH rpynmbl G anrebpa A = K[xy, ..., x,] ABasgeTca
uenoii Hag B=K[xq, ..., xn]G. I[lycts B’ — noganre6pa B B, MOpoKIeHHASA
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koa¢dunmenTamu b; ypaBHeHUWH, KOTOPBIM YZOBJIETBOPSIOT 3JIEMEHTHI
X1, ..., X,. Torma obpasyoiipe aiareOpel A SABIAIOTCA LEeJbIMA Hazg B,
a 3Ha4YuT, U BcA anrebpa A sBideTca 1enoi Hazg B'; cm. [3, . 9, § 5].
Ciie1oBaTENbHO, A — KOHEYHO IIOPOXKAEHHBIN B’ -MOzy/ib, ¥ IIOAMOZAY/Ib B,
KaK [TOAMO/Y/Ib KOHEYHO MOPOXKAEHHOTI'0 MOAYJISA, KOHEYHO MTOPOXKAEH Haj
B’. B yacTHOCTH, B — KOHEYHO IOPOKAEHHasA aarebpa.

OTHU pacCyXAeHNs COCTABIIAIOT TPeThe J0KA3aTeIbCTBO TEOPEMEI 6, KO-
TOpOe He 3aBUCUT OT XapaKTEPUCTUKH 1oy K.

OTBeT Ha NOCIeJHUM BOIpoc oTpullareieH. [IpeAnonoXuM, 4To Xa-
pakTepucTHKa nonsa K paBHO AByM. PaccMoTpuM feficTBue rpynmbl G U3
JByX 2yieMeHTOB Ha airebpe K[xi, Y1, X9, Yo, X3, Y31, TA€ HEeIUHUIHBIN
3JIeMeHT JeCTBYeT KakK

X1 —=x1+y1, Y1),
Xg = Xo+ Yo, Yo = Yo,
X3 = X3+Y3, Y3 )3
VIHBapHaHTHI IePBOii CTeIleHH — 3TO JUHeHHasa 0601049Ka 37eMEHTOB Y,

Y5 U ¥3. [IpoBepbTe, 4TO HUKAaKOW MHBapHaHT BTOPOU CTelleH! He cozep-
XUT WIEH X1X,. 3HAUWUT, UHBApUaAHT

X1XoY3+X1Y2X3+ Y1 XoX3+X1Y2Y3 T Y1X2Y3 1+ Y1Y2X3
HeJIb3s BBIPAa3UTh Yepe3 MHBAPUAHTHI IIEPBOU U BTOPOH CTEMEHU.

38. Ilycts f €K[xy, ..., x,1° u f :plfl...p,’;"‘ — pa3jioXkeHre Ha HellpHu-
BOAMIMbBbIE MHOXUTeTH B anrebpe K[xy,...,Xx,]. PaccMoTpuMm mnpezcTa-
BUTENIU P11 = P1, P12, ---» P1, KJIACCOB IIPONOPIIMOHATBPHOCTU MHOXeCTBa
MHOTOWIEHOB {g - p;: § € G}. MHOTOWIEHBI p;; HEIPUBOAUMBI, f AETUTCS
Ha KQOKJBIA U3 HUX U [I03TOMY AeTUTCA Ha P, = pq1P1a-..P1y- AHUIOTHYHO
omnpezensioTes Py, ..., P,,. [IOCKOIBbKY 3TH MHOTOWIEHHI JINOO MPOIMOPIINO-
HaJIbHBL, TMO0 B3aMMHO MPOCTHI, MHOTOWIEH f €CTh IPOM3BeJEeHNE MHO-
rOWIEHOB TaKoro Buza. [IpoBepkTe, uTo g - P, = at;(g) P;, Tme a;(g) € K\ {0}.
Torga a;: G — K\ {0} — romomopduam rpymi. B cury coBmagenus G co
CBOMM KOMMYTAHTOM TakKOW romomop¢usM TpUBHANIEH, U, 3HAYUT, BCe
MHOT'OWIEHHI P, ABJIAI0TCA MHBapuaHTaMu. [IpoBepbTe, 4TO P; — mpocThie
aneMeHTHl B K[Xy, ..., x,]¢. HakoHem, 11 mo60oro pasioxeHus f Ha
HpocThle MHOXUTENH B K[x1, ..., X,]° OAUH U3 MHOXUTesel JeIuTca Ha
D1, @ IO3TOMY U Ha P;.

O6paTHOe yTBep:KJeHNe HEBEPHO: PACCMOTPUTE JeHCTBUE I'PYIIIEL U3
ZIByX a1eMeHTOB Ha K[x], x — —x.

39. [IpuBeAeHHOE I0KA3aTeIbCTBO IPOXOAUT HaZ aarebpanvecKuM 3a-
mbikanreM K nons K. TTokakuTe, 9T0

dimg K[x;, ..., x,]1¢ = dimg K[xy, ..., x,1¢
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A moboi noarpynmnel G € GL, (K) € GL, (K).

k2 —1)(k*+11
40. OtBerT: %
41. IlycTs UHBApUAHTHBIN MHOrOWIeH F 3aBUCHUT OT X;. Torza

— k
F=aqx;+...+a;x;+ay,

rae dg, ..., d;, Ay — MHOTOWIEHBI, He 3aBUCALINE OT X;. B ClUTy HHBapuaHT-
HOCTH F OTHOCHUTENBHO IIpeobpa3oBaHus X; — X; + ¢;Y; IIOIydaeM

k. k —
G Y A+ ... +cyia, +ag = ao.

3HAYUT, MHOTOWIEHBI yik‘lak, ..., @y JIMHEWHO 3aBUCUMBI ¢ K03ddulireH-
TaMu cé“l, ..., 1. Boibupas k pasniuYHBIX HEHYJIEBBIX 3HAUEHUH C; U UC-
osb3ysl GOpPMyITy AJs OmpefenuTess BaHaepMoHza, momrydaeM dj = ...
...=a; =0, YTO IPOTHUBOPEYUT HAIIEMY IPEAIIONIOKEHUIO.

42. Ilyctb $g, Sq, ..., Sy — KOHEYHAdA cUCTeMa MopoXzaromux. MoxHo
CHMTaTh, YTO BCE OHHM OFHOPOAHBI U A(spp) = (s5). Jlnsa opHOpoaHOTO 211€-
MeHTa s € A(,py onpezenuM ¢ynkuuio [(s) :=a — 3b. Toraa I(s;) >0, ...
.o L(s1) > 0. Ecam s €A, b)), TO 3a¢ukcupyem b > max(by, ..., by) u pac-
CMOTPUM 3JIEMEHT X € A(3p11p) \ Ap—2p-1)A(3,1)- B BRIPOKEHHE X Yepes3
50 515 ++-, Sk BXOAUT WieH x' = Ash'...s;*, He 3aBucsmmii o s,. Torza

1) =1=10x") = p1l(s1) +... + pil (sp),

OTKyZla POBHO OZHO p; PaBHO 1, a mpoYue paBHBI HYIIO. DTO MPUBOAUT
K IIPOTHBOPEYUIO C BBIGOPOM b.

43. TlpearmonoxuM, 4ro anrebpa K[V]® xoHeuno nopoxzeHa. Jeit-
cTBusA rpynn G u T Ha ajre6pe MHOTOWIEHOB ITEPEeCTAHOBOYHBI. 3HAYUT,
t-feK[VIC gnamobuix teT u f K[V, u (K[VI®)T=K[V]¥. Eciu mbt
JOKaKeM, YTO IS JII0O0M KOHEYHO TOPOXKJAeHHOHN T-WHBapUaHTHOU IO-
Janrebpel A B anre6pe MHOTO4IeHOB anrebpa uHBapuanToB A KoHeyHO
MOPO’KJEHa, TO MOJIYINM IIPOTUBOPEYHE C TEOPEMOH 8.

Ha mepBoM 3Tame fgokasaTelbCTBAa HAJO IOKa3aTh, YTO B A MOXXHO
BBHIOpATh CHUCTEMY OOPAasyIONINX, KaXKABIA M3 KOTOPHIX sABisAeTcsa T-cob-
CTBEHHBIM BEKTOpPOM. Ilociie 3TOTO anrebpy A MOXXKHO 3aMEHUTh Ha ajl-
re6py MHOTOWIEHOB B, B KOTOpOil mepeMeHHble OMEKTUBHO COOTBETCTRBY-
10T obpasyronuM anrebpel A u T-AeiicTBUEe Ha IIepEMEHHBIE COBIIAZIAET
¢ T-meiictBueM Ha obpasyromue anre6pnl A. Anre6pa BT ectb muneii-
Hasi 000JI0YKA OFHOWIEHOB, SBIAIONIMXCA T-COOCTBEHHBIMHM BEKTOPaMU C
co6CTBEHHBIM 3HaueHreM 1. KOHEUHYIO MOPOXKAEHHOCTh TaKOH aare6phl
MOKHO BBIBECTH U3 JIeMMEBI [opziaHa, KOTopasi yTBEPXKAAET, YTO MOHOU/
LIeJIbIX TOYEK, JIEKAIIMX B BBITYKJIOM palMOHAJBHOM IIOTHU3APATbHOM
KOHYyCe, KOHEYHO MTOPOK/EH.
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